PERTURBED PDES: APPROXIMATE SYMMETRIES
AND CONSERVATION LAWS

MATTEO GORGONE

(joint works with F. Oliveri and G. Inferrera)

University of Messina, Department MIFT
email: mgorgone@unime.it

APPLIED MATHEMATICS SEMINARS
Messina, February 22-23, 2024

Matteo Gorgone Perturbed PDEs: approximate symmetries and conservation laws



Theoretical framework

Classical Lie symmetries

Considering an r—th order system of DEs
A (x,u, u(r)> =0,

where x € X C R" and u € U C R™ denote the independent and dependent variables, whereas u(") are
the derivatives of u w.r.t. x up to the order r.
A Lie point symmetry is characterized by the Lie generator

_ < DR 0
= = ;gi(x,U)aiX; + ;na(x”‘l)%

such that

=" (A)‘A:O =0

where =(") is the rth order prolongation.

What happens with perturbed PDEs?
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Theoretical framework

Perturbed PDEs and Lie symmetries

Consider a system of differential equations of order r involving a small parameter ¢ < 1,

A <x,u,u(’);5) =0.
By looking for classical Lie point symmetries, in general, it is not guaranteed that the infinitesimal
generators depend on the parameter £. Nevertheless, it is not uncommon that this system possesses few

symmetries compared with the unperturbed system

A (x, u,u(’);O) =0.

The applicability of Lie group methods is limited!
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Theoretical framework

The Korteweg—deVries equation
ou  Ou O%u

ot Yox T o
admits a four—dimensional Lie algebra of exact point symmetries spanned by the vector fields:
0 _ 0 _ 0 0 _ 0 0] 0]

ox’ 3 + u’ 4 8t+X8x Y ou

=0
_ =

On the contrary, by considering the Korteweg—deVries—Burgers equation

ou ou u 0%u

_ _ — — e = O
ot Yax T fae
we lose the scaling group and have only three symmetries:
S0 o0 -0 0
TS 27 ox’ =7 0x ou

Differential equations containing small terms are commonly and successfully investigated by means of
perturbative techniques!
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Theoretical framework
Approximate symmetry theories

Baikov, Gazizov, lbragimov, Mat. Sb., 1988

Considering a system of differential equations involving a small parameter

A (x u,ul”; s) ZSkA <X7U,U(r)> = 0(e"*),

the Lie generator is expanded in a perturbation series:

n

- ~ 0 |~~~ 0
= Zg,(x u; 5) —1—2277,l X,u;e)=— = ng (Zg(k),-(xm)ax_ —l—Zn(k)a(x,u)all) .
=0 i=1 ' a=1 &

Then, the approximate invariance is defined:

=(Aa ‘ — O(ePH

(B)] gy = O

@ Pros: quite elegant theory, since all the useful properties of exact Lie symmetries are moved to the
approximate world;

@ Cons: the expanded generator is not consistent with principles of perturbation analysis since the
dependent variables are not expanded!
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Theoretical framework
Approximate symmetry theories

Fushchich and Shtelen, J. Phys. A., 1989

The dependent variables are expanded in a perturbation series as done in usual perturbation analysis:

u(x;e) = Zsku(k)(x) + 0(eP*);

k=0

by separating at each order of approximation, a coupled system to be solved in hierarchy is obtained:

A (r) (N — —
A(k) (X, U(0), u(o), e Ugk), u(k)) = 0, k= 0, ey P

Approximate symmetries of the original DE defined as the exact symmetries of the DE obtained from
perturbations!
@ Pros: approach with a simple and coherent basis.

o Cons: a lot of algebra (especially for higher-order perturbations) is required; the basic assumption of
a fully coupled system is too strong, since the equations at a level should not be influenced by those
at higher levels. No possibility to work in a hierarchy!
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A consistent approach to approximate Lie symmetries

A consistent approach®

Consider DEs containing a small term ¢,
A (x7u,u(’);a) =0,
and take a Lie generator with infinitesimals depending on ¢,

n 6 m 8
= ;fi(xm;s)afx’_ + ;na(X, uw)@‘

Expand the dependent variables in power series of €
P
u(x;e) = ) e ugy(x) + O(PH),
k=0

whereupon DEs write as

IDi Salvo, Gorgone, Oliveri, Nonlinear Dyn., 2018
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A consistent approach to approximate Lie symmetries

Expansions of infinitesimals

ZE g(k)la o N Z

k=0

A
Q
=
Il B
o
=
l
R

where { i and 7)(x)o (k > 0) are suitable polynomials in u(y), ..., u(x) with coefficients given by
i ( ) and 77(1) (x u(o)) (j=0,...,p) and their derlvatlves with respect to u(g).
More prec1se|y

€y = &) = &i(%, u(0); 0), M0)a = N(©0)a = Na(X,u(0); 0),
~ - 1
§lkr1)i = k+1R[§ il Mkt1)a = k+1R[77(k als

R being a linear recursion operator satisfying product rule of derivatives and such that

- l alT‘f J(%, uge)) ] _ alr\jf(k+1)(x,U(0)) N LU <3T|fik)(xyu(0)) > Ui

8u76)1 8u 8u(%)1 .. 8u(T(§")m — du(o)i 8u(%)1 .. .6u(70”’)m

Rlugey;] = (k + 1)ugery),

(0)m

where k >0, j=1,...,m,

Tl=m4+ 4+ T
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A consistent approach to approximate Lie symmetries

We get the approximate Lie generator

P
= = 0
- = ng Zg(k)i(x u(); - k) — + Zr) (x, u(o), ”u(k))ﬁ
7 «

Then define prolongations in the usual way (i.e., preserving contact conditions) and impose the
approximate invariance conditions:

P k
Ze"ZEEgA(k,Z) = O(€p+1).

k=0  £=0 A=0(cP)

Computational cost

The consistent approach requires more computations than that required for determining exact Lie
symmetries; nevertheless, there is the general and freely available package RelLie? able to do
automatically all the needed work.

?0liveri, Symmetry, 2021
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A consistent approach to approximate Lie symmetries

For p = 1, the approximate Lie generator reads

=~ ( (x, u(0)) + £&(0)i(%, ug), u )) 0

Ox;
aF Z + 577(1)a X, U(g ) a—
n m 0
= Z oyt | Sy Z i U1)8
i=1 =1

+ Z N©)a T € | N1)a +
a=1 0)'3

where ()i, 1)is N0)a and 7(1)a depend on (x,u(g)).
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A consistent approach to approximate Lie symmetries

@ The Lie generator 5(0) is always a symmetry of the unperturbed equations (¢ = 0); the correction

P
terms Z skE(k) give the deformation of the symmetry due to the terms involving ¢.
k=1

@ Not all the symmetries of the unperturbed equations are admitted as the zeroth terms of the
approximate symmetries; the symmetries of the unperturbed equations that are the zeroth terms of
the approximate symmetries are called stable symmetries.

o If = is the generator of an approximate Lie point symmetry of a differential equation, €= is a
generator of an approximate Lie point symmetry too, but the converse is not true in general.

@ The approximate Lie point symmetries of a DE are the elements of an approximate Lie algebra.
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A consistent approach to approximate Lie symmetries

Approximate symmetries of Korteweg—deVries—Burgers equation

Consider the Korteweg—deVries equation perturbed with the addition of a small dissipative term,

The first order approximate symmetries are spanned by the following vector fields:

_ o __o __.0 0
1T o 27 ox’ =7 ox | ou’

=, = g = = g =, — t2+g
=T ST % T \Uox Tau)
_ 0 0 0
_75(3fat+Xax2UOau>.
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A consistent approach to approximate Lie symmetries

Approximate symmetries of Korteweg—deVries—Burgers equation

Consider the Korteweg—deVries equation perturbed with the addition of a small dissipative term,

_ o __o __.0 0
1T o 27 ox’ =7 ox | ou’

=, = g = = g =, — t2+g
=T ST % T \Uox Tau)
_ 0 0 0
_75(3fm+Xa)(2U0&l>.

Approximate invariant solutions

Approximate invariant solutions can be found requiring that

p n
~ Jdu
Zéfk (Zf(k),-(X7U(O),...,U(k))ax. —n(k)(X7U(o),...,U(k))> = O(5p+1).

k=0 i=1
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A consistent approach to approximate Lie symmetries

Application: approximate invariant solutions

Consider the nonlinear wave equation

u 0
otz Ox

28u) + ou —o.

" ox

Ea—

Baikov-Gazizov-Ibragimov Consistent approach

The first order approximate symmetries are generated
by the following vector fields:

=_9 =_9
e TP X
2

- t°\ 0 tu\ O
=3 =\t — ] — — - ) =,

: ( +€6> s~ (7)) 5
=i =x=—+ ug
= Tox ou’
E5 = &‘517 EG = F_‘Ez, E7 = 8537 Es = €E4.

The approximate invariant solutions w.r.t. =3 are

Matteo Gorgone

The first order approximate symmetries are generated
by the following vector fields:

T
- ot’ - ox’

Zil
= LN tuo\y 0
_3_(t+66>8t (“°+5(”1+ 3))au’
_ B}

:4=X—+(UO+aU1)%,

Ox
E5 = 5517 E7 = 853,

=2

Eﬁ = 852, Eg = €E4.

The approximate invariant solutions w.r.t. =3 are

X k1 k2 X
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A consistent approach to approximate Lie symmetries

Applications of the new consistent approach

The consistent approach has been applied to:

2 lower the order or solve by quadrature, for ODEs, and determine approximate invariant solutions, for
ODEs and PDEs:

e Di Salvo, Gorgone, Oliveri, Nonlinear Dynamics, 2018;
@ Gorgone, International Journal of Non-Linear Mechanics, 2018;
% find approximate conditional symmetries (and determine the corresponding approximate invariant
solutions):
@ Gorgone, Oliveri, Electronic Journal of Differential Equations, 2018;
@ Gorgone, Oliveri, Zeitschrift fiir Angewandte Mathematik und Physik, 2021;
& find approximate Noether symmetries and derive approximate conservation laws:
@ Gorgone, Oliveri, Mathematics, 2021;
% derive approximate conservation laws by means of a direct approach:
@ Gorgone, Inferrera, European Physical Journal Plus, 2023.
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Approximate Noether symmetries

Approximate conservation laws

Definition

Given a system of DEs of order r involving a small parameter ¢ < 1
A <x7u,u(’);a) =0,

an approximate conservation law of order r, compatible with the system, is a divergence expression

b (o 1. )\ —
;D, <d> (x,u,u 1 6)) O(ePt1),

holding for all solutions of the system, where ®' (x7 u,ul—1; 5) are the fluxes of the approximate
conservation law, and D; is the Lie derivative.

A,

Unperturbed variational problems

The determination of CLaws is ruled by Noether's theorem, establishing a correspondence between
symmetries of the action integral and conservation laws through an explicit formula involving the
infinitesimals and the Lagrangian itself. The same can be done in the approximate framework!

v
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Approximate conservation law: consistent definition
Given a system
+1
A(xuu ) ZEA (x u(), )) ...,u(k),ug,:))):O(sp ),

an approximate conservation law of order r, compatible with the system, is an approximate divergence expression

P n

k ol . .
ZE (Z D; (4)(/() (X,U(O)7uE6) ),...,U( K, U E;) )))) — O( p+1)
k=0

i=1

holding for all solutions of the system, where
Zs ¢ (x u(), ';1),...,u(k),u&;1)), i=1,...,n

are the expansions at order p of the fluxes &' <x, u, ul 1. 5) of the conservation law, and

D; = +Zz<u(k)alau Zu auau )

k=0 a=1

_ uga 32U(k)a
Tox (Kev,i = Oxi0x; '

is the approximate Lie derivative, with v
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Approximate Noether symmetries
Perturbed variational problems

Perturbed first order Lagrangian function and Lagrangian action

£ (x,u,u®:e) = Lo (%, uey, ul®)) + 3" e Li (x,u00), - - - ugry, uld, . ul + 0(eP™)
( ) 0( © (m) ; k( 0 (k)2 Y(o) (k))
p
J(x,u,u(l);e>:/Q,L’(x,u,u(l);a) /Q(Z()Skﬁk (x uo),...,u(k),ugég,... (k)>> dx+ O(e Pl

Approximate Euler—Lagrange equations

By requiring 67 = O(eP*!) under variations of order O(P*1) at the boundary of Q, we obtain

p n
oL oL

g B K ,E D,-< K > = 0(eP*), a=1,....,m.
aUO)a ) ( )

3u(o)a,i

Matteo Gorgone
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Approximate Noether symmetries

Approximate Noether theorem?

Let us consider a variational system of DEs arising from a first order perturbed Lagrangian function.
The generator

p no
==) ¢ (Z Ewi (%, ug), - - +ka)a X, (o )83 >
i=1 (e

of an approximate Lie symmetry leaves the Lagrangian action approximately invariant if
> (z (zg;.ck_,- s D,-gg),-) 5> D,-qszk)) _ o),
=0 i=1 i=1

with ngék) (x, ug), - - -, u(k)) (i=1,...,n) functions to be suitably determined.
Then, we obtain the approximate conservation law

P n
ng (Z Di¢2k)> — O(€p+1)’
k=0 i=1

where

T o A oL ~ ;
by = Z <Z << Nty — Zf(e); ) Z 5“(3)5,) +§(z);£ke> — DUy

2Gorgone, Oliveri, Mathematics, 2021
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Approximate Noether symmetries
The planar three-body problem

Motion equations:

ri3
r1+Gm2| |3+5Gm3W=0,
rio
H — Gm +eGm =0
T P 12|3 3|2|3 ’
. ri3 r
r3 — anl;3 - Gn’lgi3 = 0,
|r13] |ras]

with r; = (x;(t), yi(t),0) (i = 1,2,3) position vectors of the three masses m,, in a fixed frame reference,
and rj =r; —r; (1 < i< j <3). The system arises from the Lagrangian function

Gm1 ms3 Gm2 ms3 )

|ri3] |ro3]

1 2

ﬁ 2 (m]_r]_ + m2r2) + Gm1m2

+e <m3f§ +
[r12]

By expanding the dependent variables at first order in ¢, i.e.,
ri = r)i +eryi + 0(e%) = (x0)i(t) + ex)i(t) + O(e?), y(0)i(t) + eya)i(t) + O(£2),0)

along with

rj = ro); +erwy + 0(e?) = roy — 1oy + € (rayi — ry) + 0(e?),
we are able to determine the approximate variational Lie symmetries, together with the corresponding
approximate conserved quantities.
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Approximate Noether symmetries

The planar three-body problem — Results

@ From
0

== 50 by = ¢a) =0,

we have the approximate conservation of total energy:

1 . . Gmimy
&y = = [ myr2,, + moi? _ 22
1=5 ( 1% (o)1 2 (0)2) |r(0)12|
+e lm P2 4 mb i T Mot i B Gmyims _ Gmyms Gmlmzr . .
5 M3Y(0)3 1)1 - F(1)1 2¥(0)2 - ¥(1)2 |r(0)13| |r(0)23\ |r(0)23|3 0)12 “F()12 | 5
o From

) .0
:23:287(,-’ :2b=ZaT/i7 by = ¢a) =0,
i—1 i—1

we have the approximate conservation of total linear momentum:

®y = muk(oy1 + Mak(oy2 + € (Mif(y1 + makaye + Mak(o)3) ;
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Approximate Noether symmetries

The planar three-body problem — Results

@ From s, ) )
Z3a=t Zl ax bo) = — Zl miXo)i; ¢y = — 21 m;X(1)i — M3X(0)3;
,; ) ,; i
Z3p = t,-Z; By by = — ’z; miyoyi, ¢y = Z m;y)i — M3Y(0)3
we have

3 = my(tro) — ry) + M2tk — ro)2)
+ e (mu(tray — ray) + ma(tiaye — ray) + ms(ties — o)) ,

i.e., the approximate barycenter of the system has a uniform and rectilinear motion;

@ From
3

Za=) (()/(o); + ey)i) v (x)i + exqu)i) 3),’> %0 =% =0

i=1
we have the approximate conservation of total angular momentum:

b4 = mir)1 A Foyr + Mar)2 A Fo)2
+ & (m (roy Ay + ray Atoy) + m2 (roy Ay +ray A o)) + maro Af)s) -

Matteo Gorgone
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Approximate direct method

Perturbed non—variational problems: direct method?

Given a system of DEs,
A (x7u,u(’);€) =0,

we want to determine sets of non—singular (when evaluated on the solutions of the system) multipliers
AY (x., u,ul”); 5) (v=1,...,q) provided that

q n
v (r). v (r). — Mo (r=1). =
Z (/\ (x,u, u ,5) A (x, u,u 5)) = ; D; (¢ (x7u,u 1 6)) O(Pth)

is an approximate divergence expression holding for all solutions of the system.

v

Key aspects of the direct approach

@ Any divergence expression is annihilated by the Euler operators associated to all dependent variables;

@ All the sets of multipliers can be found algorithmically by solving a linear system of determining
equations.

3Bluman, Anco, Eur. J. Appl. Math., 2002
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Approximate direct method
Direct approaches to approximate conservation laws

First method: without expansion of dependent variables

Given a sistem of differential equations involving a small parameter

A”(xuu ) ZekA (xuu) 0(ePt1), v=1,...,q,

an expansion of the Lagrange multipliers is considered,

/\”(xuu ) Zsk/\(k (xuu()) v=1,...,q,

and the following Euler operator in the algorithmic procedure is used:

) ) o . ) _
B = o~ 20 (g )+ D 3 0l () st

=1 is=is—1
v

This approach moves within the same framework of BGl method for approximate symmetries.
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Approximate direct method
Direct approaches to approximate conservation laws

Second method: with expansion of dependent variables

Given a sistem of differential equations involving a small parameter
AY (x,u,u(’);a):O7 v=1,...,q, (*)

the dependent variables are expanded in a perturbation series as done in usual perturbation analysis:

)
ul(x;e) = Zaku&))(x) + 0(eP™),

k=0

with ugr)) = ( ((k))l, RN u((;))N)

By separating at each order of approximation, we have a coupled system to be solved in a hierarchy:

Az’k) (x,u(o),uggg,...,u(k),ugz))) =0, k=0,...,p, v=1,...,q. ()
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Approximate direct method
Approaches to approximate conservation laws

.. Multipliers and Euler operators

The approximate multipliers of system (x) are defined as the exact multipliers

v () (r) _ _
/\(k) (x,u(o),u(o),...,u(p),u(p))7 k=0,...,p, v=1,...,q,

of system () obtained from perturbations.
The following Euler operator is considered:

é 0
Eup = —— Y S Dy (—— ),
e 5U(k)a Z <3U(k)a:> vy 2:: 2 5 (8U(k)a,f1...is>

i=1

with k=0,...,p and =1

This approach moves within the same framework of FS method for approximate symmetries
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Approximate direct method

We use a method that, besides being coherent with perturbation analysis, does not require a huge
computational cost. Essentially, we combine the direct procedure with the consistent approach to
approximate Lie symmetries.

Main ingredients of the approximate direct method

@ Expand the dependent variables in power series of ¢.

@ Assume the Lagrange multipliers to be dependent on the small parameter ¢, i.e.,
/\”:/\”(x,u,u(');s), v=1,...,q,

and consider a consistent expansion.
@ Define approximate multipliers.

@ Use a consistent definition of approximate Euler operators.
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Approximate direct method

Expansions of multipliers

Ay(xur) 6) ZEA")(XU ; El:))>+o(5p+1)v v=1,...,q9
where A(k) (k > 0) are suitable polynomials in uElg, ey uEQ) with coefficients given by A}, (x, uggi)
(k=0,...,p) and their derivatives with respect to uE(r);.
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Approximate direct method

Expansions of multipliers

I\ (xu') a) Ze /\k) (xu E%)—!—O(e”“), v=1,...,q

where A(k) (k > 0) are suitable polynomials in uEI;, ey uEQ) with coefficients given by A}, (x, u%)

()

(k=0,...,p) and their derivatives with respect to ug)-

In fact:
o Y = A (x u- ~,
Aty = Aoy (x ulf )) A ( (0),0), YR k+1R[/\ ol

R being a linear recursion operator satisfying product rule of derivatives defined as

ANy, (x,uggg) AN (x,ugg;)+ Ny ANy, (x,uggg) o
)
)

= uri.
r)m r)Ti rT r r)m T (1)
(’9u( )1 . .8u£0;N’V 5‘u(0)1 . .8u§0 O 8ugogi 8u£0;1 .. .8u£0;N’V
() ()
Riugo;] = (e + Dy

where k >0, j=1,...,N

T =7+ -+ 7.

1
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Approximate direct method

Approximate multipliers

Functions A”(x,u,u(®);¢) (v = 1,..., q) are approximate multipliers depending on s—th order derivatives
if, after expanding in pertubation series of € up to the order p, i.e.,

/\”(xuu )E> Zs /\k)(xu ),UES;,...,U(k), Ek))—&—O(E”“) v=1,...,q,

the relation ;
p q
> (323 (RiBi) - 3 08% ) =0
k=0 (=0 v=1
holds for arbitrary UEZ;(X) and some suitable functions CTJE,() (x7 u(o), ugg;l), NTIY ugi;l)).

Then, if A¥ (x,u,u(s);s) are non-singular, an approximate conservation law can be recovered:

P koa P n
ng (ZZ (AEIZ)A(Vk—e)>> = Z€k (Z D;¢zk)> = 0(eP™h).

(=0 v=1
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Approximate direct method

The non—singular approximate multipliers

/\l’(x,u,u(’);e)7 v=1,...,q

yield an approximate conservation law iff the set of relations

4 k q
ng ZZ( (k 2) = 0(ePt), a=1....m
k=0 /=0 v=1
holds for arbitrary UEQ)(X) (k=0,...,p), where

8
= 8“(0)04 Z ((%(o >+ Z Z Pa - B (8u(0)a,,-1.u,-,)

i=1 =1 = ]

E,

are the approximate Euler operators.
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Approximate direct method

Approximate direct method with the consistent approach: algorithm

o Expand the dependent variables in power series of e: u(x;e) = >_}_o e u(x(x) + O(eP™);

@ Expand in perturbation series of € the multipliers, so obtaining:

N (x u,ul® ) Zsk/\ ( ),uggg,...,U(k),ugi))) + O(ePt), v=1,....q;

@ Apply the approximate Euler operators, i.e.,

Eugya (ig <qu:( (oA e))))zo(f"“), a=1,...,m

k=0 (=0 v=1

@ Separate the resulting conditions at each order in ¢, and split into an overdetermined system for the
unknown approximate multipliers;

@ Insert the recovered approximate multipliers in

p

k q o n .
3t (33 (B o) -3 08| = 06
(=0 v=1 i=1

k=0

and, if possible, find the approximate fluxes.
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Approximate direct method

Approximate direct method — Applications

By means of the approximate direct method, approximate conservation laws have been determined for:
@ Perturbed Van der Pool equation:

i]+u—€(1—u2)L'J:O;
@ Perturbed KdV—Burgers equation:

Ut 4 Ul + U — EU o = 0;

A perturbed nonlinear wave equation:

1
Usx — gu,tt — B - ef(u) =0;

Two perturbed nonlinear Schrodinger equations:

ip.e + P+ 2pIp —€lpl*p = 0;

. 1 .
1Pt + =P, xx + |P|2P +1e (ﬁlp,xxx + ﬂ2lp|2p,x + ﬁ3p(|p|2),x) - 0;

2
@ The generalized Kaup—Newell equation:
1 1
Uz — EU,XX + uvu y + Euzv,x + 2euu = 0,

1
Vit —Vx + UW + Evzu,x + 2e(vu + uvy) = 0.

2
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Approximate direct method

Perturbed nonlinear second order Schrodinger equation:
ip.t + P + 2|pI°p — £lp[*p = 0,
with p = p(t, x; €) the complex-valued envelope of the wave. By decomposing into real and imaginary parts:
A = 4 Vo +2v(0® + V) —ev (u2 + v2)2 =0,
A% =v; — U — 2u(u® 4+ V) + cu (u2 + v2>2 =0.
Expand u(t, x; €) and v(t, x; €) at first order in £ and look for the approximate multipliers of the form

ON, ONY ON, ONf; ONJ; ONJ;
(0) (0) (0) (0) (0) (0)
Tu(o) ug) Tv(o) (1) Do) Uy, x + BV V),x + Do) or U(1),xx Dv(0)r V(1) Xx) ,

/\V = A(Vo) +e <A(V1) +

where Afy = Al (t7 X, U(g), V(0ys U(0), x> Y(0),x> U(0),xxs Y(0) XX) (k=0,1and v =1,2).
By solving the approximate determining equations

Euo (N'A'+N°08%) =0, E, (MA"+NA%) =0,

a a
where Eu) = MWoya D: (OW(O),:) - b (3W<o ) + DD (BW )rr) + D:Dx ( rx) + D<Dx (3W<0) xx)

we obtain the sets of approximate multipliers with the corresponding approximate conservation laws.
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Approximate direct method

]
Al 2 ’ 2 2 \2 2 2
1= Y(0),x 1 2v0)(4(0) + V(o)) + € ( V(). = V(o) (o) + Vo)™ + 2(u{0) vy + 2(0) 1) Vi) + 3oy () ) »
/\% = —U©),xx — 2U(0)(U(20) + V(20)) —€ (U(l),xx - U(O)(u(20) + V( ) + 2(V ua) + 2“( 0V + 3“ )U() ))
with
1
D: (5 (“<2o>,x + Yoy = (uo) + V(20>)2> te ((“ O CICCRY ) o)
2 2 \2 2 2
+ ("(n,x = xvo)(t(o) + V(o)) ) v(o),x —2(u(o) + Vo)) (4o Ua) + Vo) "<1))))
+Dx (_(U(O),tu(o),x + V(0).tV0).x) — € (U(O),x“(l),f Vo). V).e
+ (U(l),x — xu(o)(u(zo) + v(20))2) Ue),: + (V(l)vx - XV(o)(U(Qo) + V(Q(]))2) V(O)m)) =0.
(]
N> = Uy x + €Uy x; A5 = Vo)« + V(1)
with

D: (V(o xtE€ (( (U(o + VO)) + vy Uy« + tvo (U (o))2V(0),x + V(O)”(l),x))
1
+Dx (—5 (“(Qm,x + Yoy + () + Vi) ) V(0) U(o) ¢

—e (U(o»x“m,x + )1 V() x + (tuo) (uo) + v{oy)” + V) ¢

+ tV(o)(U(QO) + V(QO))2V t + V(o) U(1) t + 2(U + VO))(U(O + V(0) V(l)))) =0.
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Approximate direct method

o
/\é = 2tU(o)’X + xvio) + € (2tu(1),x + XV(I)) s /\§ = 2tV(o)’X — XUy + € (2tV(1)7X — XU(l)) s
with
Dt (2tV U(O + (U 0))
+e (t(tU(O)(uw) + V(o) + 2v(0)uo) x + £ v(o) (o) + V{0))*Y0)x + 280y i) x + X(t0) iy + V(o V(l))))
+D (—f( U0y + Vo) 240)U0),¢ + (o) + V(20))2) = x(Vo) (o) x — (o) (0).x) ~ U V(o)
— = (et (o + Vo))" + 2vim) 0 + (22w + Xv(0)) 0 + (28V(1)x = XU1)Vi0)»
+ ) (40) + v(0))*v0).e + X (Vo) tx — o) Y).)
+ 2ty 1)t—|—4t(u0)+v )(u) Uy + Vo)) + Yoyvn) + Vo)) ))20.
(]
Ai = Vo) + evy, A; = —u() — euqy,
with

1
D (5(%) + vioy) + £(uo) uq) + o) V(l)))

+Dx (o) (o)« — V(0 U(0) x + €(U(1) 0y x — V(1) U(0) x + U(o) (1), — V(o) U(1),x)) = 0.
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Approximate direct method

Work in progress

Extensions of the consistent approach to:
@ derive local transformations (suggested by the approximate symmetries) mapping differential
equations to approximately equivalent ones;
o define approximate equivalence transformations for classes of differential equations involving small
terms;

@ include multiple scales in the independent variables in order to avoid the occurrence of secular-like
terms in the solutions.
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