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ini11:- SetDirectory[NotebookDirectory[]];

2= << "SymboLie.wl"

SymboLie (v. 1.6)- A Package for determining Optimal Systems of Lie Subalgebras.

n@- €S = Table[0, {k, 1, 4}, {i, 1, 4}, {j, 1, 4}1;
AL1CS = Table[CS, {r, 1, 30}];
ALlCS[2, 2, 1, 2] = 1; AL1CS[2, 2, 2, 1] = -1;
Al11CS[3, 2, 1, 2] = 15 AL1CS[3, 2, 2, 1] = -1;
AL1CS[3, 4, 3, 4] = 1; AL1CS[3, 4, 4, 3] = -1;
AllCS[4, 1, 2, 3] = 1; ALlCS[4, 1, 3, 2] = -1;
AllcS[5, 1, 1, 3] = 15 AL1CS[5, 1, 3, 1] = -1;
AllCS[5, 1, 2, 3] = 15 AL1CS[5, 1, 3, 2] = -1;
AllCS[5, 2, 2, 3] = 1; ALLCS[5, 2, 3, 2] = -1;
AllCS[6, 1, 1, 3] = 1; AL1CS[6, 1, 3, 1] = -1;
Allcs[6, 2, 2, 3] = 13 AlL1lCS[6, 2, 3, 2] = -1;
AllCS[7, 1, 1, 3] = 1; ALLCS[7, 1, 3, 1] = -1;
AllCS[7, 2, 2, 3] = -1; AL1CS[7, 2, 3, 2] = 1;
AllCS[8, 1, 1, 3] = 1; AL1CS[8, 1, 3, 1] = -1;
Al1CS[8, 2, 2, 3] = a;
AllCS[8, 2, 3, 2] = -a;
(xcon abs(a) tra 0 e 1x)AllCS[9, 2, 1, 3] = -1;
AllCS[9, 2, 3, 1] = 1;
AllCS[9, 1, 2, 3] = 1; ALLCS[9, 1, 3, 2] = -1;
Allcspie, 1, 1, 3] = a3
Allcsfie, 1, 3, 1] = -a;
(»a>0%)Al1CS[10, 1, 2, 3] = 1;
Allcs[ie, 1, 3, 2] = -1;
Allcs[ie, 2, 1, 3] = -1; AlLlCS[10, 2, 3, 1] = 1;
Allcs[1e, 2, 2, 3] = a3
AllCS[10, 2, 3, 2] = -a;
(»a>0*)AllCS[11, 2, 3, 1] = 2;
Allcs[i1l, 2, 1, 3] = -2;
Allcs[i1, 1, 1, 2] = 1; AL1CS[11, 1, 2, 1] = -1}
Allcs[11, 3, 2, 3] = 1; ALlCS[11, 3, 3, 2] = -1;
AllCcs[12, 3, 1, 2] = 13 AllCS[12, 3, 2, 1] = -1}
AllCS[12, 1, 2, 3] = 13 AL1CS[12, 1, 3, 2] = -1;
Allcs[12, 2, 3, 1] = 1; AlL1CS[12, 2, 1, 3] = -1}
AllCS[13, 1, 2, 4] = 1; AL1CS[13, 1, 4, 2] = -1;
AllCS[13, 2, 3, 4] = 1; AL1CS[13, 2, 4, 3] = -1}
All1CS[14, 1, 1, 4] = a;
AllCS[14, 1, 4, 1] = -a;
(*a diverso da 0,1x)AllCS[14, 2, 2, 4] = 1;
AlLlCS[14, 2, 4, 2] = -1;



2

Winternitz4.nb

AL1CS[14, 2, 3, 4] =
AllCS[14, 3, 3, 4] =
Al1CS[15, 1, 1, 4] =
AlL1CS[15, 2, 2, 4] =
AlL1CS[15, 2, 3, 4] =
AlLlCS[15, 3, 3, 4] =
AllCS[16, 1, 1, 4] =
AL1CS[16, 2, 3, 4] =
AlLlCS[17, 1, 1, 4] =
AlL1CS[17, 1, 2, 4] =
AlL1CS[17, 2, 2, 4] =
ALlCS[17, 2, 3, 4] =
AlLlCS[17, 3, 3, 4] =
AllCS[18, 1, 1, 4] =
AllCS[18, 2, 2, 4] =
AllCS[18, 3, 3, 4] =
AllCS[18, 3, 4, 3] =

AllCS[14,
AllCS[14,
AllCS[15,
AllCS[15,
Al11CS[15,
AllCS[15,
AllCS[16,
AllCS[16,
AlLlCS[17,
AlLlCS[17,
AllCS[17,
Al11CS[17,
AllCS[17,
AllCS[18,
AllCS[18,

e Wwe Wwe we we Wwe e we we

“e

15
13
13
13
a;
b;
-b;

(*-1<a,b<1,ab#0%)Al1CS[19, 1, 1, 4] = 1;

AllCS[19, 1, 4, 1] =
Al1CS[19, 2, 2, 4] =
AllCS[19, 3, 3, 4] =
Al1CS[19, 3, 4, 3] =

_1;
a; Al1CS[19,
a;

_a;

(x-1<a<l,a#0+)AL1CS[20, 1, 1, 4] = 1;

AlL1CS[20, 1, 4, 1] =
AlL1CS[20, 2, 2, 4] =
AL1CS[20, 2, 4, 2] =

_1;
a;

_a;

(x-1<a<l,a#0+)AL1CS[20, 3, 3, 4] = 1;

AlL1CS[20, 3, 4, 3] =
AllCS[21, 1, 1, 4] =
AlLlCS[21, 2, 2, 4] =
AllCS[21, 3, 3, 4] =
Al1CS[22, 1, 1, 4] =
AllCS[22, 1, 4, 1] =

-1;
1; AllCS[21,
1; AllCS[21,
1; AllCS[21,
a;

_a;

(»a#0,b20x) ALLCS[22, 2, 2, 4] = b;

AlL1CS[22, 2, 4, 2] =
All1CS[22, 2, 3, 4] =
Al1CS[22, 3, 2, 4] =
AllCS[22, 4] =
AllCS[23, a7 =
Al1CS[23, 4] =
AllCS[23, 4] =
AllCS[23, 4] =
AllCS[23, 3] =
Al1CS[24, 3] =
Al1CS[24, 4] =
Al1CS[24, 4] =
Al11CS[25, 3] =

_b;
1; Al1CS[22,

-1; AL1CS[22, 3, 4, 2] = 1;

bs
2;
1;
1;
1;
1
1;
1;

AllCS[22,
AllCS[23,
Al1CS[23,
Al11CS[23,
AllCS[23,
AllCS[23,
AllCS[24,
AllCS[24,

we

2,4, 3]=-1;
3,4, 3]=-1;
1, 4, 1] = -1;
2,4, 2] =-1;
2,4, 3]1=-1;
3,4, 3] =-1;
1, 4, 1] = -1;
2,4, 3] =-1;
1, 4, 1] = -1;
1, 4, 2] = -1
2,4, 2] = -1;
2,4, 3]=-1;
3,4, 3] =-1;
1, 4, 1] = -1;
2,4, 2] = -a;
2, 4, 2] = -a;
1, 4, 1] = -1;
2,4, 2] =-1;
3,4, 3] =-1;
2,4, 3] =-1;
3, 4, 3] =-b;
1, 4, 1] = -2,
2,4, 2] =-1;
2,4, 3]1=-1;
3,4, 3] =-1;
1, 3, 2] = -1
1,3,2]=-1;
2,4, 2] =-1;

-1; AlL1lCS[24, 3, 4, 3] = 1;

13
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AllCS[25, 1, 3, 2] = -1}
(x0<abs (b) <1%)A11CS[25, 1, 1, 4] =1+ b}
Al11CS[25, 1, 4, 1] = -1-b;

AllCS[25, 2, 2, 4] = 1; AL1lCS[25, 2, 4, 2] = -1;
All1CS[25, 3, 3, 4] = b; A11CS[25, 3, 4, 3] = -b;
AllCcS[26, 1, 2, 3] = 1; AL1CS[26, 1, 3, 2] = -1}
AllCS[26, 1, 1, 4] = 2; AL1CS[26, 1, 4, 1] = -2;
Al1CS[26, 2, 2, 4] = 1; AL1CS[26, 2, 4, 2] = -1;
AllCS[26, 3, 3, 4] = 1; Al1CS[26, 3, 4, 3] = -1;
Allcs[27, 1, 2, 3] = 15 Al1CS[27, 1, 3, 2] = -1;
AllCS[27, 1, 1, 4] = 1; AL1CS[27, 1, 4, 1] = -1;
All1CS[27, 2, 2, 4] = 13 AL1CS[27, 2, 4, 2] = -1;
AllcS[28, 1, 2, 3] = 1; AL1CS[28, 1, 3, 2] = -1}
Al1CS[28, 3, 2, 4] = -1; ALLCS[28, 3, 4, 2] = 1;
AL1CS[28, 2, 3, 4] = 15 AL1CS[[28, 2, 4, 3] = -1;
Al11CS[29, 1, 2, 3] =13

Al1CS[29, 1, 3, 2] = -1;

(*a>0%)Al1CS[29, 1, 1, 4] =2 a;

Al11CS[29, 1, 4, 1] = -2 a;

Al1CS[29, 2, 2, 4] = a; AL1CS[29, 2, 4, 2] = -a;
Al11CS[29, 3, 2, 4] = -1; AL1CS[29, 3, 4, 2] = 1;
ALlCS[29, 2, 3, 4] = 1; AL1CS[29, 2, 4, 3] = -1;
Al1CS[29, 3, 3, 4] = a; AL1CS[29, 3, 4, 3] = -a;
AllcS[3e, 1, 1, 3] = 1; AL1CS[30, 1, 3, 1] = -1}
Allcs[30, 2, 2, 3] = 1; ALLCS[30, 2, 3, 2] = -1;
AllCcS[30, 2, 1, 4] = -1; AL1CS[30, 2, 4, 1] = 1;
Al1CS[30, 1, 2, 4] = 1}

AllCS[30, 1, 4, 2] = -1;

info1:= pars = Table[{{}, {}}, {k1, 1, 30}];
pars[8] = {{a}, {-1<a, a<1l, a#0}}; (xpars[[8]={a=1/2};*)
pars[10] = {{a}, {a > 0}};
pars[14] = {{a}, {a#0, a#1}};
pars[18] = {{a, b}, {-1<a, a<b,b<1l,abz0}};
pars[19] = {{a}, {-1<a, a<1l, a+0}};
pars[20] = {{a}, {-1sa, a<1,a#0}};
pars[22] = {{a, b}, {a#0, b>0}};
pars[25] = {{b}, {-1<b, b<1, b#0}};
pars[29] = {{a}, {a>0}};

me3;= allalgl = {}; allalg2 = {}; allalg3 = {};
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info4l= For[kl =1, k1l <30, kl++,

Print["========z=z====z====z====z====z====z=z===z=z====z===="]
Print["Algebra n. ", k17;

tl = SessionTime[];
Print[CommutatorTable[A11CS[k1]] // MatrixForm];
algl = SubAlgebra[AllCS[k1], pars[ki], 1];
AppendTo[allalgl, algl];

optalgl = PrintOptimal[algl];
Print[optalgl];

G = PrintGraph[algl];

Print[G];

alg2 = SubAlgebra[AllCS[k1], pars[kl], 2];
AppendTo[allalg2, alg2];

optalg2 = PrintOptimal[alg2];
Print[optalg2];

G = PrintGraph[alg2];

Print[G];

alg3 = SubAlgebra[AllCS[k1], pars[kl], 3];
AppendTo[allalg3, alg3];

optalg3 = PrintOptimal[alg3];
Print[optalg3];

G = PrintGraph[alg3];

Print[G];

tl = SessionTime[] - t1;

Print["Time of computation: ", t1]

15

There are 15 1-D families of subalgebras to be analyzed.

{{1}}
Done.

There are 15 optimal families of 1-dimensional Lie subalgebras.

{{z1}, {E2}, {3}, {Ea}, {E1+a182}, {E1+a1E3}, {82 +a153},

{B1+a184}, {Ea+a1E4}, {E3+a154}, {E1+a1E+a2%3}, {E1+a15+az54},
{E1+a1E3+a254}, {Ex+a153+a284}, {E1+a1 8 +a 23 +az &g} }

{1->{E1}, 2> {=2}, 3> {83}, 4> {E4}, 5> {E1+a15},

6->{E1+a183}, T> {Ex+a153}, 8> {E1+a1E54}, 9> {Ex+a154},

10> {E3+a184}, 11> {Ey+a1Ex + a3}, 12> {81 + a1 By + @ Eg},

13> {E1+a1E3+ay8}, 14> {E3+a1E3+a284}, 15> {E1+a1 5 +ay B3 +az &4} )
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There are 35 2-D families of subalgebras to be analyzed.

Done.
There are 35 optimal families of 2-dimensional Lie subalgebras.

{{Els EZ}’ {El: E3}) {Ela E4}’ {32’ E3}: {EZa E4}: {33: E4}’ {Ela E2‘*‘?1 E3},

{E1, B2 +a184}, {81, E3+a1E4}, {22, B3 +a154}, {E1+a15, B3}, {E1+a1E2, 54},

{E1+a153, B2}, {E1+a153, B4}, {E2+3a1 53, Z4}, {E1+a154, &}, {E1+a15, 53},

(1

{2+ a1
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45 23}, {81, B2 +@183+3x 54}, {Ex+a15p, E3+ax5}, {E1+a183, Ep +axE3},

{B1+a1E3, Zp+a254}, {E1+a15+3883, g}, {E1+a154, Zp+8E3}, {E1+a154, 52 +a254},

{E1+a154, E3+ax84}, {E2+a154, Ez+a2E4}, {E1+a15 +a 5, B3}, {E1+a1E3+a2E4, E2},

{E1+a153, Bp+ax B3 +az =4}, {E1+a154, Ex+axE3+a3E4}, {E1+a15x+3ax54, B3 +3az8},

{B1+a1B3+a284, Bp+a3E3}, {E1+a1E3+a284, Ep+a3E4}, {E1+a1E3+a284, Ep+azE3+ass}}

{1- {21, E2}, 2 {E1, B3}, 3> {E1, Eal, 4- {22, =3}, 5- {E2, Bal,

6> {E3, B4}, 7> {E1, B2 +a1E3}, 8-> {E1, E3+a1E84}, 9 {E1, B3 +2a1E4},

10> {23, B3 +a184}, 11 {81 +a1 5y, E3}, 125 {81 +a1 5z, 84}, 13 > {E1 +a1 &3, 22},

14 > {21+ a1 B3, E4}, 15> {83+ a1 E3, E4}, 16 > {E1+a1 84, E}, 17 > {E1 + a1 &4, Z3},

18 > {Ez+?134

-

E3}, 19 {E1, By +a1 B3+ Ay g}, 20> {E1 + a1 8y, B3+ 338},
21> {E1+a1 B3, By +ayE3}, 225 {Ey1+a1 3, Ep + A4}, 23 > {E1 + a1 Ep + @y H3,
24 > (Ep+a1 54, By +A2 =3}, 25> {E1+ @154, Ey + @254}, 26> {Ep + a1 Eg, B3 + Ay

27 > {Ep+ @154, B3+ a4}, 28 > {Ep+a1 By + 3 Hg, H3}, 29 > {E;p + a1 H3 + A Hy,

[1]

30> {Ep+a1H3, By +axE3+a384}, 31> {Ep +a15g, ) +ayE3 +a384},

32> {E1+a1 By +ayEg, Bz +az s}, 33> {E1+a;

(1]

3+axEg, Hp +a383},

34%{El+?133+@234, Ez+?3E4}’ 35%{314»?1

(1]
w
+

A B4, Ep +a3E3+a484}}
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There are 15 3-D families of subalgebras to be analyzed.
Done.

There are 15 optimal families of 3-dimensional Lie subalgebras.

{{Z1, 52, B3}, {E1, B2, B4}, {E1, B3, B4}, {22, B3, E4}, {81, Ep, 3 +a1 54},

{E1, B2 +a183, B4}, {E1, B2 +a1 84, B3}, {E1+a1E5, 83, B4}, {E1+3a1 53, B, Ea},

{E1+a154, &, B3}, {E1, Bx+a154, B3 +ax54}, {E1+a1E3, B2 +3 =3, B4,

{E1+a154, By, B3 +a283}, {E1+a154, Ex+3254, B3}, {E1+a154, Zp+32 54, 23 +a35E4}}

{l% {El’ 2 E3}’ 2> {Ely 22 E4}’ 3> {El’ =3, E4}) 4 - {EZ’ =3 E4}’

5- {E1, B2, Ez+a184}, 6> {E1, Zp+a1 83, H4), 7> {E1, 5 + a1 84, B3},

8-> {E1+a18, B3, B4}, 9> {E1 +2a153, B2, E4}, 10> {81+ a1 54, 52, B3},

115 {81, Ep+a184, Ez+ax=4}, 125 {E1+a1 53, Ep +aE3, H4), 13> {E1+a1 54, 5, B3+ 32547,

14 > {51 +a184, Bp+ 3254, B3}, 155 {E1 +a1 854, Ep+325s4, E3+3354}}
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Time of computation: 0.269663

Algebra n. 2
0 = 0 0
=, 0 0 0
0 0 00
0O 0 00

There are 15 1-D families of subalgebras to be analyzed.

({13}

Done.

There are 11 optimal families of 1-dimensional Lie subalgebras.
{{=1}, {2}, {23}, {E4a}, {E1+2183}, {Ea+a1E3}, {E1+a154},
{Ea+a1E4}, {E3+a154}, {(E1+a183+a284}, {Ep+a1Ez+a1Es}}

{1->{B1}, 2> {82}, 3> {83}, 4> {4}, 6> {E1+a153}, T {Ex+01 B3}, 8-> {E1+2a154},

9> {Ex+a184}, 10> {HE3+a1 54}, 13> {E1+a183+a354), 14> {E +ap E3+a1 54} )
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There are 23 2-D families of subalgebras to be analyzed.

Done.

There are 17 optimal families of 2-dimensional Lie subalgebras.

{{Z1, Z2} {1, B3}, {81, B4}, {2, B3}, {E2, B4}, {E3, T4}, {B1, B3 +a1 54}, {82, B3 +a1Z4},
{E1+a1E3, &2}, {E1+a183, Eq}, {E2+01 83, B4}, {E1+a1 5, B2}, {E1+a1E4, Z3},
{Ea+o1Eg, B3}, {E1+@184, E3+a2B4}, {E2+Q154, Bz +a124}, {Ex+a1E3+a2Es, E2}}

{1- {51, Z2}, 2> {E1, B3}, 3> {Z1, E4}, 4> {52, B3}, 5> {52, 54}, 6> {83, Ea},

T {E1, B3+a154}, 8> {HE, Bz +ar), 11> {E1+a1 53, H}, 12 {51 +a; 53, =g},

135 {E+01 83, Hq}, 14> {Ep +a1 Eg, B2}, 15> {E1+a1 84, H3}, 16 > {5 + a1 Bg, B3},

19> {E1+a18, B3 +a2E4}, 20> {Ep+ 01 Eq, B3 +a1 84}, 22> {Eyx+a1 =3 +ayEq, B2} )
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There are 9 3-D families of subalgebras to be analyzed.
Done.
There are 8 optimal families of 3-dimensional Lie subalgebras.
({81, 52, B3}, {E1, =2, Ha}, {E1, T3, Ea}, {Z2, =3, Ha}, {81, 82, B3+ 315},
{E1+a1E3, E2, B4}, {E1+a1Eq, 22, B3}, {E1+a1E4, B2, B3 +3a2E4}}
{1- {=1, Z2, E3}, 2> {E1, B2, Bg}, 3> {E1, B3, B4}, 4> {82, H3, Za}, 5 {E1, B2, B3+ a1 54},

7> {E1+a153, Bz, B4}, 8> {E1+a154, Zp, E3}, 9> {Ep +a1 54, Bz, B3 +A2 54} )
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Time of computation: 0.685922

0 = 0 0
EZ 0 0 0
O 0 0 =,
O 0 -Z, 0

There are 15 1-D families of subalgebras to be analyzed.

{{1, 2}}

Done.

There are 8 optimal families of 1-dimensional Lie subalgebras.
{{=1}, {Z2}, (B3}, {Ea}, {E1+2183}, {Ea+a1E3}, {E1+a154}, {E2+01 54} )

{1->{21}, 2> {52}, 3> {E3}, 4> {54},

6->{E1+a183}, T> {Ex+0o153}, 8> {E1+0154}, 9> {Ex+a154})
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There are 17 2-D families of subalgebras to be analyzed.

Done.

There are 10 optimal families of 2-dimensional Lie subalgebras.

{{Z1, Z2}, {1, B3}, {E1, Ea}, {82, B3}, {E2, Ea}, {E3, Ea},
{E1+a153, B2}, {E1+a153, B4}, {Ex+0Q1 53, Eg}, {E1+0Q1 84, Z2}}

{1- {21, E2}, 2> {E1, B3}, 3> {E1, 54}, 4 (B2, B3}, 5> {E2, B4}, 6> {E3, B4},

11> {E1+a183, 82}, 12> {E1+a1 53, E4}, 13> {Ex + 1 B3, B4}, 14> {Ep + 01 Eg, B} )
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® ® 0 0 @
® ® 0 ®
@

There are 7 3-D families of subalgebras to be analyzed.

Done.

There are 5 optimal families of 3-dimensional Lie subalgebras.
{{E1, B2, B3}, {E1, B2, B4}, {E1, B3, B4}, {52, B3, Eg}, {E1+a1 53, Hp, Egq}}

{1- {=1, E2, E3}, 2> {81, B2, B4}, 3> {E1, B3, E4}, 4> {52, E3, E4}, 7> {81 +3a1 53, Ep, Eq}}

5 @

@ ® @

Time of computation: 0.809559
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Algebra n. 4
6 06 0 0
06 0 = 0
0 -5 0 0
6 06 0 0

There are 15 1-D families of subalgebras to be analyzed.

{{1, 2}

Done.

There are 9 optimal families of 1-dimensional Lie subalgebras.

{{E1}, {82}, {83}, {E4}, {Ea+a1E3}, {E1+a154}, {Ea+a154}, {Ea+a154}, {Ex+a1E3+a254}}

{1 {51}, 2> {E2}, 3> {83}, 4> {E4}, 7> {E2+2a1E3},

8-> {E1+a184}, 9> {Ex+a154}, 10> {E3+a1 54}, 14> {Ex +a1 83 +a 547}

(15

®

® ® & @ O
®@ & e e

®

® @

There are 19 2-D families of subalgebras to be analyzed.
Done.
There are 13 optimal families of 2-dimensional Lie subalgebras.

{{Z1, Z2}, {E1, B3}, {Z1, B4}, {E2, B4}, {E3, %4}, {Z1, Ep +a1 53},

{E1, Z2+a184}, {81, E3+a1E4}, {E2+a183, B4}, {E1+a1E4, 52},

{Z1+a184, B3}, {B1, Zp+a@1E3+32%4}, {E1+a15, B2 +a3E3}}
{1- {81, E2}, 2 {81, B3}, 3> {=1, B4}, 4 {E2, B4}, 5 {E3, 84}, 6> {E1, B2 +a1 53},
7> {81, B +a1E4}, 8> {81, E3+a184}, 11> {Ey +a1E3, Ea}, 125 {E1+2a1 84, B2},

13> {E1+a1E4, E3}, 14> {81, Ep+a1 83 +ay54}, 16 > {E1 +a1 8, Ep + a2 3} )
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There are 7 3-D families of subalgebras to be analyzed.
Done.
There are 7 optimal families of 3-dimensional Lie subalgebras.
{{21, 22, 23}, {E1, B2, B4}, {81, B3, Ha}, {E1, B2, B3 +a1 Ea},
{E1, Ea+a153, B4}, {E1, Bp +a1 84, 23}, {81, Ep +a1 54, E3+3254}}
{1- {21, B2, E3}, 2> {E1, B2, B4}, 3> {E1, B3, B4}, 4> {81, B2, HE3+31 84},

5- {81, B2 +a1 53, B4}, 6> {581, Ep+a1 54, E3}, 7> {51, Bp+a15g, B3 +a2 54} )
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® ®

Time of computation: 1.002533

0 0 =1 0
0 0 H+E, O
— & -5 *Ez O 0
0 0 0 0

There are 15 1-D families of subalgebras to be analyzed.

{1, 2, 3}, {1, 3, 2}, {2, 3, 1}, {3, 1, 2}}

Done.

There are 7 optimal families of 1-dimensional Lie subalgebras.
{({E1}, {E2), {83}, {Ea}, {E1+01 54}, {E2+a154), {H3+a154}})

{1->{21}, 2> {52}, 3> {83}, 4> {Ea}, 8> {E1+a154}, 9> {Hx+a184}, 10 > {E3+ a1 54} )
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There are 15 2-D families of subalgebras to be analyzed.

Done.

There are 8 optimal families of 2-dimensional Lie subalgebras.
{{Ely EZ}) {Elj E3}; {Els E4}’ {EZ, E4};

{Ez, Z4}, {B1, Ea+ 1 B4}, {81, Bz +a184}, {E1+a1E4, E2}}
{1 {E1, 22}, 2> {51, B3}, 3> {E1, B4}, 4> {E2, B4},

5- {83, B4}, 7> {E1, B2 +01 84}, 8> {E1, Ez+a1E4}, 12> {81+ a1 Eg, 5} )}



®
@

@ © ©
® ® ®
®

13

There are 5 3-D families of subalgebras to be analyzed.

Done.

There are 4 optimal families of 3-dimensional Lie subalgebras.
{{E1, B2, B3}, {E1, B2, B4}, {E1, B3, E4}, {E1, B2, B3 +a154}}

{1- {51, 52, E3}, 2> {E1, E2, B4}, 3> {E1, B3, B4}, 4> {81, B, B3 +31 54} )}

) ®

@ @ @®

Time of computation: 2.928295

Algebra n. 6

Winternitz4.nb | 17
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© 0 = 0
O 0 = 0
“E; -H, 0 0
© o 0 0

There are 15 1-D families of subalgebras to be analyzed.

{{1, 2}

Done.

There are 9 optimal families of 1-dimensional Lie subalgebras.

{{E1}, {E2}, {E3}, {E4}, {E1+a182}, {(E1+a154}, {Ea+0154}, {Ez3+a154}, {E1+a152+0Q154}}

{1- {51}, 2> {E2}, 3> {53}, 4> {E4}, 5> {E1+a182},

8-> {E1+a184}, 9> {Ep+a1 54}, 10> {E3+a1 54}, 12> {E; +a1 8 + 01 54} }

(15

®@ ©® @

® ® © e

(®) ®

There are 22 2-D families of subalgebras to be analyzed.

Done.
There are 14 optimal families of 2-dimensional Lie subalgebras.

{{Els EZ}) {El: E3}7 {Ela E4}: {EZ; E3}’ {E27 E4}: {33: E4})

{81, B2+ 0184}, {81, E3+a154}, {E2, E3+a1E4}, {Ep+a1E2, B3},

{Er+a1E2, E4}, {E1+01 84, Ep}, {E1+a15, B3 +a284}, {E1+a1 B4, Zp+a154}}
{19 {Elj EZ}) 2> {Ela E3}) 3~ {El) E4}5 4 - {EZJ E3})

5- {E2, B4}, 6> {E3, B4}, 8-> {E1, Za+a1 84}, 9 {E1, B3 +a1E4},

10 » {E3, E3 +a1 84}, 11> {81 +a1 5y, H3}, 12 > {81 + a1 &, H4},

16 > {E1+01 84, E2}, 18 > {Ep +a1 Ep, Bz +a2 54}, 21 > {E1 + 01 84, By + 31 54} )}
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There are 9 3-D families of subalgebras to be analyzed.

Done.

There are 6 optimal families of 3-dimensional Lie subalgebras.

({21, 52, H3}, {E1, B2, B4}, {81, B3, Ha}, {E2, B3, Ea}, {81, 82, H3+ 2184}, {E1+a15, H3, Ea}}

{19 {Elj EZJ E3}7 2 {Ela E2: E4}7 3- {El) E3) E4}1

4> {Ez, B3, B4}, 5> {E1, 52, E3+a154}, 7> {Ep +a1 5z, B3, 547}
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@ @ ®

Time of computation: 1.091080

© 0 = 0
O 0 -= 0
E, B, O 0
© 0 0 o

There are 15 1-D families of subalgebras to be analyzed.

{{1, 2}}

Done.

There are 9 optimal families of 1-dimensional Lie subalgebras.

({21}, {E21, {E3}, {84}, {E1+01E2}, {E1+01Ea}, {E2+a1E4}, {Ez+a1E4}, {Ex+a1Ex+a1Eq}}

{1- {51}, 2> {E2}, 3> {3}, 4> {54}, 5> {E1+a1 52},

8-> {E1+a184}, 9> {Ep+0184}, 10> {E3+a1E4}, 12> {E1 +a1 83 + a1 54} )
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There are 19 2-D families of subalgebras to be analyzed.
Done.
There are 12 optimal families of 2-dimensional Lie subalgebras.
{{Els EZ}’ {El: E3}) {Ela E4}’ {32’ E3}: {EZa E4}: {33, E4}’ {Ela E2‘*‘0'(134},
{B1, B3 +a1 B4}, {82, B3 +a184}, {E1+01 82, B4}, {E1+01 5, E2}, {E1+Q1E4, Ep +a1E4}}
{19 {El) EZ}) 2 {Ely E3}) 3~ {El) E4}; 4 - {EZ) E3}) 5- {323 E4})
6 - {53, H4}, 8> {E1, BEx+ 2184}, 9 {E1, Bz +a1 84}, 10 > {5, 3+ a1 54},

11> {E1+01 5y, Ha}, 15> {E1 + 01 Eg, E2}, 18 5 {E1 + 01 Eg, Zp + a1 54} )
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There are 7 3-D families of subalgebras to be analyzed.

Done.

There are 5 optimal families of 3-dimensional Lie subalgebras.
{{Z1, E2, B3}, {E1, B2, B4}, {51, Z3, B4}, {22, Z3, E4}, {81, Bz, Z3+a1 541}

{l% {El, 2 E3}9 2> {Els 2 E4}’ 3> {El) Z3, E4}) 4 - {52, =3 E4}9 5- {Els 2 E3'*'?134}}

®) ®

@ @ ©)

Time of computation: 0.924666
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© 0 = 0
0 0 az, 0
-E1 —aE) (0] 0]
0 0 06 0

There are 15 1-D families of subalgebras to be analyzed.

{{1, 2}

Done.

There are 9 optimal families of 1-dimensional Lie subalgebras.

{{E1}, {82}, {83}, {E4}, {E1+0o182}, {E1+a1E4}, {Ea+0154}, {Ez3+a154}, {E1+01 5 +a154}}

{1 {51}, 2> {E2}, 3> {83}, 4> {E4}, 5> {E1+1 82},

8-> {E1+a184}, 9> {Ep+a1 5}, 10> {E3+a1 54}, 12> {E; + 1 8y + a1 547}

(15

®@ ©® @

® ® © e

®) ®

There are 19 2-D families of subalgebras to be analyzed.
Done.
There are 12 optimal families of 2-dimensional Lie subalgebras.
{({=1, Z2}, {1, E3}, {E1, Za}, {E2, B3}, {E2, Ea}, {E3, Ea}, {E1, B2+ a1 54},
{81, B3 +a184}, {82, E3+a154}, {E1+0182, Ea}, {E1+Q1 B4, B}, {E1+01 54, B +31 54} }

{l% {El’ EZ}’ 2> {Ely E3}’ 3~ {El’ E4}J 4 - {EZ’ E3}’ 5- {EZJ E4}’
6> {E3, B4}, 8> {E1, Ba+a1 54}, 9 {E1, B3 +a154), 10> {E, B3+ 23154},

115 {E1+01 82, H4}, 15> {Ep + a1 Eg, Bz}, 18 > {E1+ 01 Bg, Ep + 31 54} )}
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There are 7 3-D families of subalgebras to be analyzed.

Done.

There are 5 optimal families of 3-dimensional Lie subalgebras.
{{Z1, E2, B3}, {E1, B2, B4}, {51, Z3, B4}, {22, Z3, E4}, {81, Bz, Z3+a1 541}

{l% {El, 2 E3}9 2> {Els 2 E4}’ 3> {El) Z3, E4}) 4 - {52, =3 E4}9 5- {Els 2 E3'*'?134}}

®) ®

@ @ ©)

Time of computation: 0.930177



Algebra n. 9

O 0 -% 0
O 0 = 0
E -E, 0 0
© 06 0 0

There are 15 1-D families of subalgebras to be analyzed.
{{1, 2, 3}, {1, 3, 2}, {2, 3, 1}, {3, 1, 2}}

Done.

There are 5 optimal families of 1-dimensional Lie subalgebras.

{{=1}, {E3}, {84}, {E1+a1E4}, {E3+a154}}

{1->{E1}, 3> {83}, 4> {54}, 8> {Er+a154}, 10> {E3+a; 54} )}

5 @ @ @

©
)

There are 11 2-D families of subalgebras to be analyzed.

Done.
There are 4 optimal families of 2-dimensional Lie subalgebras.
{{Z1, E2}, {21, B4}, {83, B4}, {=1, x4+ an E4}}

{1- {81, E2}, 2> {81, B4}, 4 {83, B}, 5> {=1, Ex+a1E4}}

Winternitz4.nb | 25
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(®) 3 o

®

There are 3 3-D families of subalgebras to be analyzed.

Done.

There are 3 optimal families of 3-dimensional Lie subalgebras.
({81, 22, H3}, {E1, B2, Ba}, {81, 82, B3+ a1 84} }

{1- {51, E2, 3}, 2> {81, B2, B4}, 3> {E1, Bz, B3 +a1E4}}

@ ®

@

Time of computation: 2.732099

0 0] akE; -5, 0
0 0 Ei+aiE, 0
—aE; +5) -Epj-alk 0] 0
0 0 0 0

There are 15 1-D families of subalgebras to be analyzed.
{{1, 2, 3}, {1, 3, 2}, {2, 3, 1}, {3, 1, 2}}
Done.

There are 5 optimal families of 1-dimensional Lie subalgebras.



{{=1}, {E3}, {84}, {E1+a1Eq}, {E3+a154}}

{1->{E1}, 3> {E3}, 4> {54}, 8> {Er+a154}, 10> {E3+ a1 5} )}

5) @ @ @

13
@

There are 11 2-D families of subalgebras to be analyzed.

Done.

There are 4 optimal families of 2-dimensional Lie subalgebras.

{{z1, E2}, {81, Ea}, {E3, B4}, {=1, Hy+ Ay Eq}}

{1- {21, B2}, 2> {81, Ea}, 4> {83, Ea}, 5> {E1, B2+ 3154}

Winternitz4.nb | 27
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(®) 3 o

®

There are 3 3-D families of subalgebras to be analyzed.

Done.

There are 3 optimal families of 3-dimensional Lie subalgebras.
({81, 22, H3}, {E1, B2, Ba}, {81, 82, B3+ a1 84} }

{1- {51, E2, 3}, 2> {81, B2, B4}, 3> {E1, Bz, B3 +a1E4}}

@ ®

@

Time of computation: 18.757360

(o]
(o]

There are 15 1-D families of subalgebras to be analyzed.
{{1, 2}, {2, 1}}
Done.

There are 7 optimal families of 1-dimensional Lie subalgebras.



({21}, {E2}, {Ba}, {E1+0a1 B3}, {E1+01 84}, {E2+a184}, {E1+0183+2a184})}
(15 {81}, 25 {E2), 45 {F4), 65 (&1 + a1 B3},

8-> {B1+a1%}, 9> {Ea+a1E4}, 13> {(E1+o1 =3 +a154}})

@ 5 (3 @

) ®

@
©

There are 11 2-D families of subalgebras to be analyzed.

Done.
There are 5 optimal families of 2-dimensional Lie subalgebras.
{{Z1, B2}, {1, Ea}, {E2, Ba}, {81, E2+a1 84}, {E1+a1E3, E4}}

{1- {81, B2}, 2> {81, B4}, 4 {2, Eq}, 6> {E1, Bp+31E54), 8-> {E1+01E3, E4}}

Winternitz4.nb | 29
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There are 3 3-D families of subalgebras to be analyzed.

Done.

There are 2 optimal families of 3-dimensional Lie subalgebras.
{{Z1, 22, E3}, {E1, B2, B4} }

{1- {21, B2, B3}, 2> {E1, B2, Ea}}

®) @)

@

Time of computation: 1.447425

Algebra n. 12

0 =5 -E, 0
-=3 (0] E1 ¢}
= -= 0 0
© 0 0 o0

There are 15 1-D families of subalgebras to be analyzed.
{{1, 2, 3}, {1, 3, 2}, {2, 1, 3}, {2, 3, 1}, {3, 1, 2}, {3, 2, 1}}
Done.

There are 3 optimal families of 1-dimensional Lie subalgebras.
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{{=1}, {Ea}, {E1+a184}}

{1 {=1}, 4> {E4}, 8> {E1+a154}}

There are 7 2-D families of subalgebras to be analyzed.

Done.

There are 1 optimal families of 2-dimensional Lie subalgebras.
{{21, 241}

{1 {51, E4}}
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There are 1 3-D families of subalgebras to be analyzed.

Done.

There are 1 optimal families of 3-dimensional Lie subalgebras.
{{81, 52, H3}}

{1- {=1, 2, E3}}

Time of computation: 17.269050

Algebra n. 13
0 0 0 0
0 0 0 =
O 0 0 =

There are 15 1-D families of subalgebras to be analyzed.

{{1, 2, 3}, {1, 3, 2}}

Done.

There are 6 optimal families of 1-dimensional Lie subalgebras.
{{E1}, {82}, {83}, {E4}, {E1+a1E3}, {Ez3+a1E4}}

{1->{B1}, 2> {=2}, 3> {83}, 4> {B4}, 6> {E1+a153}, 10> {E3+a; 84}

@ OO,

@

@ ©

There are 11 2-D families of subalgebras to be analyzed.
Done.

There are 6 optimal families of 2-dimensional Lie subalgebras.
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{{z1, &2}, {1, B3}, {E1, B4}, {E2, 83}, {E1, B3 +a154}, {E1+a1E3, E}}

{1- {51, E2}, 2> {E1, Z3}, 3> {51, &4}, 4> (82, B3}, 7> {E1, E3+a1 54}, 9> {Ep +a1 =3, =3}

() ® O

® @
® ©)
@

There are 3 3-D families of subalgebras to be analyzed.

Done.

There are 3 optimal families of 3-dimensional Lie subalgebras.
{{E1, B2, B3}, {E1, B2, B4}, {E1, B2, B3 +315}}

{1- {81, E2, 83}, 2> {E1, 82, B4}, 3> {E1, B2, B3 +a1 541}

@ ®

@

Time of computation: 1.113251

Algebra n. 14

(0] (0] (0] aE;

(0] (0] (0] =o

(0] (0] (0] Ey + B3
—akE; -Ey -&mp-E3 (0]

There are 15 1-D families of subalgebras to be analyzed.

{1, 2, 3, 4}, {1, 2, 4, 3}, {1, 3, 4, 2}, {1, 4, 2, 3},
{2, 3,4, 1}, {2, 4,1, 3}, {3, 4,1, 2}, {4, 1, 2, 3}}
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Done.
There are 6 optimal families of 1-dimensional Lie subalgebras.
{{z1}, {E2}, {83}, {Ea}, {E1+01 52}, {E1+a1E3}})

{1->{B1}, 2> {E2}, 3> {83}, 4> {E4}, 5> {E1+01 B2}, 6> {E1+a153}}

@ (15) ®

@ ®
v ® ® @

There are 15 2-D families of subalgebras to be analyzed.

Done.

There are 7 optimal families of 2-dimensional Lie subalgebras.

{{E1, B2} {E1, B3}, {E1, B4}, {82, @3}, {82, 54}, {E1+a1 8, E3}, {81 +01 83, Ea}}

{19 {Elj EZ}) 2 {El; E3}) 3~ {El) E4}5 4 - {EZJ E3})

5- {82, B4}, 10> {Ep +a1 82, E3}, 11> {E1+a1 83, 83} )



@
©) ®

There are 5 3-D families of subalgebras to be analyzed.

Done.

There are 3 optimal families of 3-dimensional Lie subalgebras.

({21, 22, 23}, {E1, B2, B4}, {82, B3, E4}}

{1-{B1, B2, B3}, 2> {E1, H, H4}, 3 {52, B3, Es4}}

@ @

@

Time of computation: 9.147339

Algebra n. 15

Winternitz4.nb | 35
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There are 15 1-D families of subalgebras to be analyzed.
{{l’ 2’ 35 4}’ {17 2’ 4’ 3}7 {17 37 4’ 2}7 {l’ 47 2? 3}’
{2, 3,4,1}, {2, 4,1, 3}, {3, 4,1, 2}, {4, 1, 2, 3}}
Done.
There are 6 optimal families of 1-dimensional Lie subalgebras.
{{=1}, {=2}, {E3}, {E4}, {E1+a182}, {E1+a153})

{1->{E1}, 2> {=2}, 3> {83}, 4> {E4}, 5> {E1+a1E2}, 6> {E1+a153}}

@ (15 ®

@ ®
v ® ®© @

There are 18 2-D families of subalgebras to be analyzed.

Done.
There are 8 optimal families of 2-dimensional Lie subalgebras.
{{=1, 22}, {E1, B3}, {51, B4}, {82, B3},
{22, B4}, {E1+a152, 53}, {E1+a1E2, Ea}, {E1+a153, B2} }
{1-{B1, B2}, 2> {E1, B3}, 3> {E1, B4}, 4> {E2, =3},

5- {82, B4}, 10> {Ep +a1 52, E3}, 11> {81 +a1 5y, Eq}, 12> {51 +a1 53, 52} )



@ ® ®
@

There are 7 3-D families of subalgebras to be analyzed.

Done.

There are 4 optimal families of 3-dimensional Lie subalgebras.
{{=1, E2, E3}, {E1, Z2,y Z4}, {E2, B3, B4}, {E1+a1E53, E2, E4}}

{l% {El, 2 E3}9 2> {Els 2 E4}’ 3> {EZ) Z3, E4}) 5- {El+?133, 2 E4}}

@) @

®) ®

@ ®

@

Time of computation: 41.039728
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0 0 0 =
© 0 0 0
O 0 0 =

=, 0 -, 0

There are 15 1-D families of subalgebras to be analyzed.

{{1, 2, 3}, {2, 3, 1}}

Done.

There are 7 optimal families of 1-dimensional Lie subalgebras.
{{E1}, {82}, {83}, {E4}, {E1+0152}, {E1+a153}, {E3+a154}}

{1->{B1}, 2> {52}, 3> {83}, 4> {Es}, 5> {E1+o1E2}, 6> {E1+a153}, 10> {Ez+a;54}}

2) © @ ®

v ®

& (@
® @
S

®
13

There are 15 2-D families of subalgebras to be analyzed.

Done.

There are 9 optimal families of 2-dimensional Lie subalgebras.
{{El7 EZ}) {El: E3}7 {Ela E4}7 {32) E3}: {527 E4}J

{Z1, B3 +a1E4}, {82, B3 +a184}, {E1+a18, 83}, {E1+01 53, =2}}
{1-{E1, 82}, 2> {81, B3}, 3> {81, B4}, 4> {2, B3}, 5> {2, 54},

8-> {E1, B3+a1E4}, 9 {E, Bz +a14), 10> {E1+a1 5, =3}, 11 {E1+01 53, =} )
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There are 5 3-D families of subalgebras to be analyzed.

Done.

There are 4 optimal families of 3-dimensional Lie subalgebras.
{{=1, B2, B3}, {E1, Z2, B4}, {E2, B3, B4}, {E1, 82, Ez3+a1E4}}

{1 {E1, B2, B3}, 2> {81, B2, T4}, 3> {E2, T3, B4}, 4> {81, B2, E3+a154}}

) ®

@ @ @

Time of computation: 2.286267

Algebra n. 17
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0 0 0 =
0 0 0 Ey + Ey
0 0 0 Ty + 2

—E] —Hy -Ep —Hy -3 0

There are 15 1-D families of subalgebras to be analyzed.
{{l’ 2’ 31 4}’ {l? 2’ 4’ 3}7 {17 37 4’ 2}7 {l’ 47 27 3}’
{2, 3,4,1}, {2, 4,1, 3}, {3, 4,1, 2}, {4, 1, 2, 3}}
Done.
There are 5 optimal families of 1-dimensional Lie subalgebras.
{{z1}, {E2}, {3}, {Ea}, {E1+a1E3}}

{1- {51}, 2> {E2}, 3> {53}, 4> {Es}, 6> {E1+2a1E3}}

@ O ® @

®

There are 11 2-D families of subalgebras to be analyzed.

Done.

There are 5 optimal families of 2-dimensional Lie subalgebras.
({21, Z2}, {E1, B3}, {E1, Ea}, {2, E3}, {E1+a1E3, Ez}}

{1- {51, E2}, 2> {E1, B3}, 3> {51, B4}, 4> {82, B3}, 9> {E1+a1 53, 52} }
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® @

There are 3 3-D families of subalgebras to be analyzed.

Done.

There are 2 optimal families of 3-dimensional Lie subalgebras.
{{Z1, 22, E3}, {E1, Z2, E4}}

{1- {51, Z2, &3}, 2> {E1, Z2, E})

®) @

@

Time of computation: 11.840944

0 0 0 Bl

0 0 0 ax,

0 0 0 bs=s
-E; -aH, -bzs 0

There are 15 1-D families of subalgebras to be analyzed.
{{1, 2, 3}}
Done.

There are 8 optimal families of 1-dimensional Lie subalgebras.
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{{z1}, {E2}, {83}, {Ea}, {E1+01 82}, {(E1+o1E3}, {E2+a1E3}, {E1+01 82 +a1 E3}}
{1 {51}, 2> {52}, 3> {53}, 4> {E4}, 5> {E1+01 82},

6> {E1+a153}, T>{Ea+a1 B3}, 11> {E1+01 5 +a1 =3} )

@ (15)

(3 |

12
@ & & 66 © O ®

There are 19 2-D families of subalgebras to be analyzed.
Done.
There are 10 optimal families of 2-dimensional Lie subalgebras.
({81, Z2}, {1, B3}, {®1, Ea), {E2, H3}, {52, Ea}s (&3, Ea),
{E1, B2 +a1 83}, {E1+01 52, B3}, {E1+01 83, Z2}, {E1+Q1 53, B2 +31E3}}
{1-{B1, B2}, 2> {E1, E3}, 3> {E1, B4}, 4> {52, H3}, 5 {82, Ha}, 6> {E3, Ea},

T {81, 3a+0o1 83}, 11> {81+ 0185, B3}, 12 {Ey+ a1 83, 82}, 17 > {81+ a1 H3, Hy + a1 B3} }
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There are 7 3-D families of subalgebras to be analyzed.

Done.

There are 4 optimal families of 3-dimensional Lie subalgebras.
({21, 22, H3}, {E1, B2, Ba}, {81, H3, Ha}, {E2, B3, Ea}}

{1- {21, B2, B3}, 2> {E1, B2, BEa}, 3> {E1, B3, 24}, 4> {22, E3, E4}}

5) @

®) ®

@ @

@

Time of computation: 1.604672
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0 0 0 =1
0 0 0 ax;
0 0 0 a=3
-%; -az; -ak; O

There are 15 1-D families of subalgebras to be analyzed.

{{1, 2, 3}}

Done.

There are 8 optimal families of 1-dimensional Lie subalgebras.

{{E1}, {82}, {83}, {E4}, {(E1+0182}, {E1+a1 &3}, {Ex+a183}, {E1+0Q1 8 +a;53}}

{1 {51}, 2> {E2}, 3> {83}, 4> {E4}, 5> {E1+1 82},

6> {E1+a183}, T> {Ex+a153}, 11> {81 +a1 5y +31 53} )

@ (15

(3)

12
@ & & 66 © 0O O

There are 23 2-D families of subalgebras to be analyzed.
Done.
There are 11 optimal families of 2-dimensional Lie subalgebras.
({21, E2}, {1, B3}, {E1, B4}, {2, B3}, {E2y Z4}, {E3, E4}, {E1, Ex + a1 53},
{E1+01 52, B3}, {E1+01 53, B2}, {Ex+31 53, Z4}, {E1+Q1 83, & +a1E3}}
{l% {El, EZ}, 2 {Els E3}’ 3~ {El) E4}) 4 - {52, E3}9
55 {E2, B4}, 6> {E3, 84}, 7> {E1, Bp+a1 53}, 11> {E; + o1 52, B3},

12 5 {81+ 01 B3, E3}, 13 > {Ep + a1 B3, Eg}, 18 > {E1 + 01 B3, By + a1 B3} }



s
@

® @
SN
®

® @ ®
@ ® @ ® @

There are 9 3-D families of subalgebras to be analyzed.

Done.

There are 5 optimal families of 3-dimensional Lie subalgebras.

{{El’ EZ’ E3}’ {El, E2, E4}’ {El) E3) E4}’ {EZ) 33) E4}, {El: E2+§l E3’ E4}}
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{l% {El’ 2 E3}9 2> {Ely 2 E4}’ 3> {El’ =3, E4}) 4 - {EZ’ =3, E4}9 6 - {Ely E2+?lEZ’>9 E4}}



46 | Winternitz4.nb

) @

@

Time of computation: 2.298426

0 O 0 =
© 0 0 a=m,
© 0 0 =

There are 15 1-D families of subalgebras to be analyzed.

{{1, 2, 3}}

Done.

There are 8 optimal families of 1-dimensional Lie subalgebras.

({21}, {E2}, {E3}, {84}, {E1+01 B2}, {E1+a153}, {Ex+a1E3}, {E1+a1Ey+a153}}

{1- {51}, 2> {E2}, 3> {3}, 4> {54}, 5> {E1+a1 52},

6> {E1+a183}, T-> {Ex+o153}, 11> {81 +01 5 +a153}}



(3] |

12
@ & & & @© 0O o

There are 23 2-D families of subalgebras to be analyzed.

Done.

There are 11 optimal families of 2-dimensional Lie subalgebras.
({21, B2}, {E1, B3}, {E1, B4}, {82, B3}, {E2, E4}, {E3, E4}, {E1, Ex + a1 B3},
{B1+a1Z2, E3}, {ZE1+a@123, B2}, {E1+3183, B4}, {Z1+a153, B2 +01 E3}}
{l% {El, EZ}, 2> {Els E3}’ 3> {El) E4}) 4 - {EZ, E3}9

55 {E2, B4}, 6> {E3, B4}, 7> {E1, B2 +a1 53}, 11 > {E; + o1 Ea, B3},

12 5 {81 +a1 83, B2}, 13> {Ep +a1 B3, Eg}, 18 > {E1 + a1 83, By + 01 E3}}
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There are 9 3-D families of subalgebras to be analyzed.

Done.
There are 5 optimal families of 3-dimensional Lie subalgebras.
{{El’ EZ’ E3}’ {El, E2, E4}’ {El) E3) E4}’ {EZ) 33) E4}, {ElJr@l E3’ EZ’ E4}}

{l% {El’ 2 E3}9 2> {Ely 2 E4}’ 3> {El’ =3, E4}) 4 - {EZ’ =3, E4}9 7 {El+?1339 2, E4}}



@

Time of computation: 1.926168

O 0 0 =
O 0 0 =,
O 0 0 =

-Ey -H, -H3; 0O

There are 15 1-D families of subalgebras to be analyzed.

{{1, 2, 3}}

Done.

There are 8 optimal families of 1-dimensional Lie subalgebras.

({21}, {E2}, {E3}, {84}, {E1+a182}, {E1+a153}, {Ex+a1E3}, {E1+a1Ex+ay=3}}

{1- {51}, 2> {E2}, 3> {H3}, 4> {54}, 5> {E1+ 215},

6> ({E1+a1E3}, 7> {E2+a183}, 11> {Ey+a1Ey +a 53} )
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There are 35 2-D families of subalgebras to be analyzed.

Done.

There are 14 optimal families of 2-dimensional Lie subalgebras.

{{Ely EZ}) {Elj E3}; {Els E4}’ {EZ, E3}; {EZ) E4}; {E3) E4}>

{E1, B2+a183}, {E1+a182, B3}, {E1+a15, B4}, {E1+2a1E3, B2},

{B1+a1B3, Ba}, {Ex+a183, B4}, {E1+3183, Bp+32 83}, {E1+a15 +ax83, H4}}
{19 {Elj EZ}) 2> {Ela E3}) 3~ {El) E4}5 4 - {EZJ E3})

5- {82, B4}, 6> {83, B4}, 7> {81, Ep+a1E3}, 11 > {E; + a1 &, E3},

12 5 {81 +a1 5y, E4}, 13> {E1+a1 53, E2}, 14> {81 +a1 &3, E4},

15> {Ex+a1 3, B4}, 21> {Ey1+a1 83, Bx +a2 83}, 23> {E1+a1 5 +a3 83, B4} )
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There are 15 3-D families of subalgebras to be analyzed.

Done.

There are 8 optimal families of 3-dimensional Lie subalgebras.

{{Z1, 52, B3}, {E1, 22, B4}, {E1, B3, B4}, {Z2, B3, E4}, {81, Ex +a1E3, =4},
{E1+a182, B3, B4}, {E1+a153, E2, Eq}, {E1+a1E3, B2 + A3, B4}

{1- {81, E2, 83}, 2> {E1, B2, Ea}, 3> {=1, B3, 24}, 4 {82, E3, Z4}, 6> {E1, B3 +a1 53, =4},

8> {E1+a15, B3, B4}, 9> {(E1+a183, Ep,y Bg}, 12> {Ey1+a1 53, B2 +22 83, B4} )
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Time of computation: 6.223046

0 0 0 as;
0] 0] 0] b=, - =3
0 0 0 =, +bEs

-azE, -bE,+E; -5, -bEs 0

There are 15 1-D families of subalgebras to be analyzed.

{{l’ 2’ 31 4}’ {17 2’ 4’ 3}7 {17 37 4’ 2}7 {l’ 47 27 3}’
{2, 3,4, 1}, {2, 4,1, 3}, {3, 4,1, 2}, {4, 1, 2, 3}}

Done.
There are 4 optimal families of 1-dimensional Lie subalgebras.
{{z1}, {E2}, {84}, {E1+a1E2}}

{1->{E1}, 2> {52}, 4> {84}, 5> {E1+a15}}



@

There are 11 2-D families of subalgebras to be analyzed.

Done.

There are 4 optimal families of 2-dimensional Lie subalgebras.

{{E1, B2} {E1, Ea}, {82, B3}, {81+a182, E3}}

{1 {E1, B2}, 3> {51, 84}, 4> {52, B3}, 8> {E1+a1 5, Z3}}

Winternitz4.nb | 53



54 | Winternitz4.nb

O 2 @ @

There are 3 3-D families of subalgebras to be analyzed.

Done.
There are 2 optimal families of 3-dimensional Lie subalgebras.
{{=1, 22, H3}, {E2, Z3, Ha}}

{1- {21, B2, B3}, 2> {Ez, B3, Ea}}

®) @)

@

Time of computation: 43.781596

0 0 0 25

(0] (0] H1 H2

(0] -51 (0] Eo + B3
2E, -E, -E,-=3 O

There are 15 1-D families of subalgebras to be analyzed.
{{1, 2, 3, 4}, {1, 2, 4, 3}, {1, 3, 2, 4}, {1, 3, 4, 2}, {1, 4, 2, 3}, {1, 4, 3, 2},
{2’ 31 4’ l}’ {27 4’ lJ 3}’ {37 27 4’ 1}7 {3’ 47 17 2}’ {4) l’ 27 3}’ {41 l) 3’ 2}}

Done.



There are 4 optimal families of 1-dimensional Lie subalgebras.

{{z1}, {E2}, {3}, {E4a}}

{1 {=1}, 2 {E2}, 3> {83}, 4> {E4}}

@ (15 (5) (2)

®) ®

There are 9 2-D families of subalgebras to be analyzed.

Done.

There are 4 optimal families of 2-dimensional Lie subalgebras.
{{Z1, E2}, {1, B3}, {51, Za}, {82, B4}

{1- {51, E2}, 2> {E1, B3}, 3> {E1, 54}, 4> {52, 541}

Winternitz4.nb | 55



56 | Winternitz4.nb

©) @ @

(5) @
@

There are 3 3-D families of subalgebras to be analyzed.

Done.

There are 2 optimal families of 3-dimensional Lie subalgebras.
({21, 22, =3}, {E1, B2, B4}

{1- {21, 52, E3}, 2> {51, B2, E4})

®) @)

@

Time of computation: 25.010848

6 0 0 0
(0] (0] H1 EHp
0 = 0 -
0] -Hy E3 (0]

There are 15 1-D families of subalgebras to be analyzed.

{{1, 21}

Done.

There are 6 optimal families of 1-dimensional Lie subalgebras.

{{z1}, {E2}, {83}, {E4}, {E2+01 53}, {E1+a154}}



{1->{B1}, 2> {E2}, 3> {83}, 4> {Es}, T>{E2+0153}, 8> {E1+a154}}

(15) (5) (2)

@

There are 11 2-D families of subalgebras to be analyzed.

Done.

There are 8 optimal families of 2-dimensional Lie subalgebras.
{{Ely EZ}) {Elj E3}; {Els E4}’ {EZ, E4};

{E3, Z4}, {B1, Ea+ a1 B3}, {E1+a1 54, B2}, {E1+a1E4, E3}}
{1 {E1, 22}, 2> {51, B3}, 3> {E1, B4}, 4> {E2, B4},

5- {83, B4}, 6> {E1, B2+ 0183}, 9 {E1+a1 84, B3}, 10 > {E1 + a1 B, E3}}
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There are 5 3-D families of subalgebras to be analyzed.

Done.

There are 3 optimal families of 3-dimensional Lie subalgebras.
({21, 22, E3}, {E1, B2, B4}, {E1, H3, Ea}}

{1-{B1, B2, B3}, 2> {E1, H2, H4}, 3 {51, B3, Ea}}

@ @

@

Time of computation: 0.884514

Algebra n. 25

0 0 0 (l+b)=z;

0 0 =5 =,

0 -5 0 b =3
(-1-b)=E; -5, -b=E3 0]

There are 15 1-D families of subalgebras to be analyzed.



Winternitz4.nb | 59

{{1, 2, 3}, {1, 3, 2}}

Done.

There are 5 optimal families of 1-dimensional Lie subalgebras.
{{E1}, {E2), {83}, (&4}, {E2+01E3})

{1 {=1}, 2> {E2}, 3> {53}, 4> {Eq}, 7> {E2+01E3})

©) (15)

®) ®
&) @ @

There are 11 2-D families of subalgebras to be analyzed.

Done.

There are 6 optimal families of 2-dimensional Lie subalgebras.
{{E1, B2}y {E1, B3}, {E1, Ea}, {82, S}, {23, 54}, {81, Z2 + 01 E3}}

{1- {21, B2}, 2> {81, B3}, 3> {E1, B4}, 4> {E2, B4}, 5 {E3, 84}, 6> {E1, B2 +a1 E3}}
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There are 5 3-D families of subalgebras to be analyzed.

Done.

There are 3 optimal families of 3-dimensional Lie subalgebras.
({21, 22, E3}, {E1, B2, B4}, {E1, H3, Ea}}

{1-{B1, B2, B3}, 2> {E1, H2, H4}, 3 {51, B3, Ea}}

@ @

@

Time of computation: 1.440139

0 0 = 5
0 -2 0 =
—2E; -8, -E; 0

There are 15 1-D families of subalgebras to be analyzed.
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{{1, 2, 3}, {1, 3, 2}}

Done.

There are 5 optimal families of 1-dimensional Lie subalgebras.
{{E1}, {E2), {83}, (&4}, {E2+a1E3}}

{1 {=1}, 2> {E2}, 3> {53}, 4> {E4}, 7> {Ex2+2a153}}

©) (15)

®) ®
&) @ @

There are 13 2-D families of subalgebras to be analyzed.

Done.

There are 7 optimal families of 2-dimensional Lie subalgebras.

{{E1, B2}y {E1, B3}, {81, Ea}, {82, 54}, {23, 54}, {81, S2+a1 83}, {E2+a183, Eq}}

{1- {51, E2}, 2> {E1, B3}, 3> {=1, =4},

4 - {2, B4}, 5> {E3, B4}, 6> {E1, Ex+a1E3}, 9> {Ex2+a1E3, Ea}}
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There are 7 3-D families of subalgebras to be analyzed.

&

Done.
There are 4 optimal families of 3-dimensional Lie subalgebras.
{{=1, 52, B3}, {E1, Z2, B4}, {E1, B3, B4}, {81, E2+31 83, 541}

{1- {81, E2, 83}, 2> {E1, B2, Ea}, 3> {E1, B3, 24}, 5> {81, Ep +a1 83, Eq})

@ @

®) ®

@ ®

@

Time of computation: 2.035767

Algebra n. 27



0 0 0 =
0 0 = =,
0 -z 0 0
5 -F, 0 0
There are 15 1

-D families of subalgebras to be analyzed.
{{1, 2, 3}, {1, 3, 2}}

Done.

There are 6 optimal families of 1-dimensional Lie subalgebras.
{{z1}, {E2}, {83}, {Ea}, {E2+01 83}, {Ez+a1E4}}

{1->{B1}, 2> {E2}, 3> {83}, 4> {Bs}, T>{E2+01 53}, 10> {E3+a; 84}

2 © & @

@
©

There are 13 2-D families of subalgebras to be analyzed.

Done.

There are 7 optimal families of 2-dimensional Lie subalgebras.

{{E1, B2}y {E1, B3}, {E1, B4}, {22, 54}, {3, 54}, {81, Z2+ a1 53}, {81, E3+a1E4}}
{1->{B1, B2}, 2> {81, H3}, 3> {E1, 54},

4 {Z2, B4}, 5> {3, B4}, 6> {51, Ex+a1 53}, 8> {E1, E3+a154}}
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There are 5 3-D families of subalgebras to be analyzed.

Done.
There are 4 optimal families of 3-dimensional Lie subalgebras.
{{=1, 52, B3}, {E1, Z2, B4}, {E1, B3, B4}, {81, 82, B3 +a1 541}

{1- {81, E2, 83}, 2> {E1, B2, Ea}, 3> {E1, B3, H4), 4> {81, Ep, B3 +a154})

O ®

@ @ @®

Time of computation: 1.282051

© 06 0 0
0 0 = -=
0 -5, 0 &
0 =3 = (0]



There are 15 1-D families of subalgebras to be analyzed.
{{1, 2, 3}, {1, 3, 2}, {2, 3, 1}, {3, 1, 2}}

Done.

There are 4 optimal families of 1-dimensional Lie subalgebras.

{{z1}, {2}, {4}, {E1+a1E4}}

{1 {51}, 2> {E2}, 4> {54}, 8> {E1+a154}}

®

O, ®

There are 7 2-D families of subalgebras to be analyzed.

Done.

There are 2 optimal families of 2-dimensional Lie subalgebras.

{{Z1, E2}, {81, E4}}

{1- {=1, @2}, 3> {21, 84})
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There are 1 3-D families of subalgebras to be analyzed.

Done.

There are 1 optimal families of 3-dimensional Lie subalgebras.
{{B1, B2, B3}}

{1- {51, 52, E3}}

Time of computation: 12.613478

Algebra n. 29

0 (0] (0] 2ak;

0] 0 1 alk, - =3

0 -5 (0] Zy+als
-2aE] -aE,+E3 -Z,-ak&3 (0]

There are 15 1-D families of subalgebras to be analyzed.

{{1, 2, 3, 4}, {1, 2, 4, 3}, {1, 3, 2, 4}, {1, 3, 4, 2}, {1, 4, 2, 3}, {1, 4, 3, 2},
{21 3’ 47 l}’ {2’ 4’ l’ 3}1 {3’ 2’ 4’ 1}7 {3? 4’ l’ 2}, {4? l? 2’ 3}? {4’ l? 3? 2}}

Done.

There are 3 optimal families of 1-dimensional Lie subalgebras.

{({E1}, {=2}, {E4})

{1-> {21}, 2> {52}, 4 (=4}



Winternitz4.nb | 67

v ()

There are 7 2-D families of subalgebras to be analyzed.

Done.

There are 2 optimal families of 2-dimensional Lie subalgebras.
{{=1, 22}, {E1, Ha}}

{1- {21, 52}, 3> {1, E4})

@) @)

O ®)

There are 1 3-D families of subalgebras to be analyzed.

Done.
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There are 1 optimal families of 3-dimensional Lie subalgebras.
{{=1, 22, E3}}

{1- {=1, 2, E3}}

Time of computation: 174.899092

Algebra n. 30

|
1

[y
N

[ [1]

N

|

(1]
i
|

(o]
hmoe o
N}
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o

® o

o o I

N

There are 15 1-D families of subalgebras to be analyzed.

{{1, 2, 3}, {1, 3, 2}, {2, 3, 1}, {3, 1, 2}}

Done.

There are 4 optimal families of 1-dimensional Lie subalgebras.
{{E1}, {83}, {4}, {Ez3+a154}}

{1->{B1}, 3> {=3}, 4> {84}, 10> {E3+ a1 =4} )

5 ©) 12 ()

© © 3

There are 8 2-D families of subalgebras to be analyzed.

Done.

There are 3 optimal families of 2-dimensional Lie subalgebras.
{{B1, B2}, {E1, H3}, {3, Za}}

{1- {21, 52}, 2> {E1, B3}, 4> {=3, =4} }



)
@ @

There are 3 3-D families of subalgebras to be analyzed.

Done.

There are 3 optimal families of 3-dimensional Lie subalgebras.

({21, B2, B3}, {E1, B2, B4}, {E1, B2, B3 +a1E4}}

{1- {51, 52, &3}, 2> {E1, B2, 84}, 3> {E1, Bz, B3 +a1E4}}

@ ®

@

Time of computation: 5.947459

Print["Computation done in ", SessionTime[] /60, " minutes."]

Computation done in 6.58565797 minutes.
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