Algebra of Lie symmetries of viscous Burgers' equation
)= SetDirectory[NotebookDirectory[]];

ini2l:= << "SymboLie.wl"

SymboLie (v. 1.6)- A Package for determining Optimal Systems of Lie Subalgebras.

nsl- gens = {{1, 0, 0}, {0, 1, 0}, {0, t, 1}, {2t, x, -u}, {t"2, tx, x- tu}};
vars = {t, x, u};

pars = {{}, {}};
inf4]:= €s = StructureConstants[gens, vars];

inis:- CommutatorTable[cs] // MatrixForm

Out[5]//MatrixForm=

0 0 =, 28, =
0 0 0 B, =
=, 0 0 -3 0
-2E, -B, B3 0O 2%
~E, -E3 0 -2E5 0

inlel:= Timing[algl = SubAlgebra[cs, pars, 1];]
There are 31 1-D families of subalgebras to be analyzed.
Done.

outle]- {24.8638, Null}

ni7l:= PrintOptimal[algl]
There are 5 optimal families of 1-dimensional Lie subalgebras.

ou7= {{E1}, {2}, {B4}, {B1+01 s}, {E1+a18s}}
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inisl= PrintGraph[algl, 1]

{1->{E1}, 2> {E2}, 3> {E3}, 4> {54}, 5> {85}, 6> {E1+01E2}, 7 {E1+a1 53},

8-> {Ey+a1 B3}, 9> {E1+0184}, 10 » {Ep+01E4}, 11 - {E3+a1 84}, 12 5 {E1 +01 Es},

13> {Ex+01F5}), 14> {E3+a1 85}, 15> {E4+01 85}, 16 » {E; + 01 53 + @1 B3},

17> {E1+01 B +02 84}, 18 > {Ey+a1 Ez3+a154}, 19> {Ex+a1 83+ 254}, 20 > {E1+a1 B +a1 85},
21 > {E1+a1E3+a185}), 22 > {Ex+a1E3+a1 55}, 23 > {E1+Q1 84+ &5},

24 5 {Ep+0184+8185), 25 5 {E3+ Q1 Eq + 02 Es}, 26 > {E1 + 01 Hp + 0 E3 + A1 Eq},

27 5 {(E1+01 B3+ 0 B3 +31 85}, 28 > {E1+ a1 By + 0 EBg+ A1 B5}, 29 > (B + a1 B3 + ap Bg + A1 B},

30> {Ey+01E3+02Es+a3 85}, 31 > {E1+Q1 Ey +0p B3 + 0354 +31 Es )}

(o) 0 & @
@"@

w o ® w @

gL
2

Out[8]=

injel:= Timing[alg2 = SubAlgebra[cs, pars, 2];]
There are 17 2-D families of subalgebras to be analyzed.
Done.

outjo]= {128.3, Null}

inf10l:= PrintOptimal[alg2]

There are 5 optimal families of 2-dimensional Lie subalgebras.
out[10]=

{21, B2}, {81, Ba), (52, B3}, {22, Ba), {B1+ o &3, Eal)



ni11:= PrintGraph[alg2, 1]
{l% {Ely EZ}) 2> {Els E4}J 3 - {EZJ EB}J 4 - {E27 E4}) 5- {E3) E4}’ 6~ {E3, ES})
7> {24, 85}, 8> {E1, B2 +01 84}, 9> {Ep, B3 +a1 54}, 10 > {E3, B4+ 01 E5},
11> {(Er+a1 83, H}, 125 {Ep +a1 84, H2}, 13 - {Ep + a1 H4, H3}, 14 > {H3 + 1 54, Es},

15> {8 +a1 55, B3}, 16 > {E1+ o1 E3 + 2 84, Ep}, 17 > {Ex + 1 Eq + 02 s, E3}}

@ (17 ®) @

Out[11]=

@ @

ini12.= Timing[alg3 = SubAlgebra[cs, pars, 3];]
There are 12 3-D families of subalgebras to be analyzed.

Done.
Oout[12]=

{959.884, Null}

ini13:= PrintOptimal[alg3]

There are 5 optimal families of 3-dimensional Lie subalgebras.
Out[13]=

{{B1, B2, B3}, {81, B2, B4}, {E1, Ha, Hs}, {B2, B3, B4}, {B1+ 01 8s, 5, H3}}
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ni14:= PrintGraph[alg3, 1]

{1- {81, B2, =3}, 2> {E1, B2, E4}, 3> {E1, E4, =5}, 4 - {22, B3, =4}, 5- {22, B3, =5},
6 > {83, B4, E5}, 7> {81, Zp, E3+0154}, 8> {E2, E3, Eg+Q1 55}, 9> {E1+01 54, Ez, B3},

10 > {E2+01 54, B3, E5}, 11 > {E1 +01 55, B2, B3}, 12 > {Ep + a1 B4 + Q2 E5, Ep, =3} }

(©) ® & @

Oout[14]=

© @

ini1si- Timing[alg4 = SubAlgebra[cs, pars, 4];]
There are 2 4-D families of subalgebras to be analyzed.

Done.
Out[15]=

(120.888, Null}

ini16l:= PrintOptimal[alg4]

There are 1 optimal families of 4-dimensional Lie subalgebras.
out[16]=

{{21, B2, B3, E4}}

ni171:= PrintGraph[alg4, 1]

{1- {51, B2, B3, B4}, 2> {Ez, B3, Z4, Z5}}

out[17]=

@ @

nnel- alg = {algl, alg2, alg3, alg4s}
out[18]=
{{{{, 9,06,0,1,1,0,0,0,0,0,0,0,1, 0, 0,0,
0,0,0,0,0,0,0,0,0,0,0,0,0,0}, {6,1,1, 0, 0, 0, 0, 1,
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©, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0},
{0’ l, l’ 0’ 0’ O’ 0’ l’ O, 0’ 0, 0, O’ 0’ 0’ O’ 0’ O’ O, 0’ 0, 0, O’ 0’

©,0,0,0,0,0,0}, {0,0,0,1,0,0,0,0,1,1,1,0,0,0, 1,0,

1,1,1,0,0,0,06,1, 1,1, 0, 0,0, 1,0}, {1,0,0,0, 1,1, 0,0,

O’ o’ OJ 0’ G’ l’ 0’ O’ 07 O’ 0’ 0’ OJ 0, G’ O’ 0’ 07 07 O’ 0’ 0’ O}’
{l’ 0, 0’ 0’ l, l’ 0, 0, 0’ o’ 0’ 0, 0’ l’ O, 0’ 0, 0, 0’ o’ 0, 0, 0’ 0’

©,0,0,0,0,0,0}, {0,0,0,0,0,0,1,0,0,0,0,0,1,0, 0,1,

0’ 0’ O’ 0’ G, 1’ 0’ G)’ O’ O, 0’ O’ O’ 0’ O}’ {O’ 1’ l’ O’ O’ 0’ G)’ l’
©,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0},
{¢,0,0,1,0,0,0,06,1,1,1,0,0,06,1,0,1,1,1,0,0,0,0, 1,

1,1,0,0,0,1,0}, {6,0,0,1,0,0,0,0,1,1,1,0,0,0,1,0,

l’ l’ 1’ 0’ G’ O’ 0’ l’ l’ l’ G’ 0’ O’ l’ O}’ {O’ O’ 0’ l’ O’ 0’ O’ O,
l’ l, l’ 0’ 0, O’ l’ 0, l’ l’ l’ O, O’ 0’ 0, l’ l’ l, o’ 0’ 0’ l’ O}’
{¢,0,0,0,0,0,0,0,0,0,06,1,0,0,0,0,0,0,0,1,1,0, 1,0,

,0,1,1,1,0,1}, {6, 0,0,0,0,0,1,0,0,0,0,0,1,0,0,1,
e, o, 06,0, 0,1,0,0,0,0,0,06,0,0,0}, {1,0,0,0,1,1, 0, 0,
o, o,06,0,0,1,0,0,0,0,0,06,0,0,0,0,0,0,0,0,0,0,0},

{¢,0,0,1,0,0,0,0,1,1,1,0,0,0,1,0,1,1,1,0, 0,0,0,1,

17 l’ O’ 0’ @, 1’ 0}’ {0’ @, O’ 0’ O’ O) 1’ 0) O’ O’ 0’ @, 1’ 0’ G)’ 17

O’ O, 0’ 0, 0, l’ 0’ 0’ o! 0’ 0’ O, 0’ 0, O}’ {O, 0’ 0, l, O’ 0’ 0’ o!
1,1,1,0,0,0,1,0,1,1,1,0,0,0,0,1,1,1,0,0, 0,1, 0},
{6,0,0,1,0,0,0,0,1,1,1,0,0,0,1,0,1,1,1, 0,0, 0, 0,1,

l’ l’ O’ 0’ G’ l’ 0}’ {0, G’ O’ l, O’ O’ O’ 0’ l’ 1’ l, 0’ O’ 0, l’ O’

1,1,1,0,0,0,0,1,1,1,0,0,0, 1, 0}, {0,0,0,0,0,0,0,0,

©,0,0,1,0,0,0,0,0,0,0,1,1,0,1,0,0,0,1,1,1, 0, 1},
{07 0’ O’ 0’ G)’ O’ O, 07 0’ O’ 0’ l’ O’ 0’ G)’ O’ O, 07 O’ 1’ l’ 0’ 1’ 0’

e,0,1,1,1,0,1}, {6, 0,06,0,0,0,1,0,0,0,0,0,1,0,0,1,
0, 0, 0,0,0,1,0,0,0,0,0,0,0,0,0}, {6,b0,0,0,0,0,0,0,
o,0,0,1,0,0,0,0,0,0,0,1,1,0,1,0,0,0,1,1,1,0, 1},

{¢, 0, 0,1, 0,06,0,0,1,1,1,0,0,0,1,0,1,1,1,0, 0,0,0,1,

l’ l, 0’ 0’ O, l’ 0}, {0’ O, O’ l’ O, o’ 0’ 0’ l’ l’ l’ O, O’ 0’ l, o’

1,1,1,0,0,0,0,1,1,1,0,0,0,1, 0}, {0,0,0,1,0,0,0,0,
l’ l’ l’ 07 O’ 0, 1’ 0’ l’ l, 17 O’ O’ 07 G’ l, l’ l’ 07 O, 07 l’ 0}7
{@’ 0’ O! 0’ O’ O’ 0’ 0’ O’ 0’ @, l’ O! 0’ O’ O’ 0’ 0’ O’ l’ l, 0’ l! 0’

©,0,1,1,1,0,1}, {0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,
©,0,0,1,1,0,1,0,0,0,1,1,1, 0,1}, {6,0,0,0,0,0,0,0,
0’ O’ O’ l’ @, O’ 0’ O’ O) 0’ 0) l’ 1’ 0’ l’ O’ 0’ G’ 17 1’ 17 0’ 1}7

{0’ 0, O’ l’ 0’ O’ 0’ 0’ l, l’ l, 0, O’ 0’ l’ O’ l’ l’ l, 0’ 0, 0,

©,1,1,1,0,0,0,1, 0}, {6,0,0,0,0,0,0,0,0,0,0,

l, O’ O’ 07 0’ O, 0? 0’ l’ l, 0, l’ O’ 07 0’ l, l? l’ O’ l}},

({1}, {2}, {4}, {8}, {16}, {3}, {5}, {6}, {9}, {10}, {12}, {17},
{18}, {20}, {24}, {7}, {11}, {13}, {14}, {19}, {21}, {22},

{25}, {26}, {28}, {15}, {23}, {27}, {29}, {30}, {31}},

{{{e, 0,0, 2,0}, {0,0,0,0, 0}, {6,0,0,0, 0}, {-2,0,0,0,0}, {06,0,0,0,0}},

{{O, 0’ l, O’ O}, {0’ 0, O’ l’ 0}’ {_l’ 0’ 0’ O’ 0}’

(e, -1, 0, 0, 0}, {0,0,0,0,0}}, {{6,0,0,0,0}, {6,0,0,0, 1},

{0, 0,0, -1, 0}, {6,0,1, 0,0}, {6,-1,0,0, 0}},
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{{o, 0, 6, 0, 1}, {0, 0, 0, 0, 0}, {O, 6, 0, 0, 0}, {0, 0, 0,0, 0}, {-1,0,0,0,0}},
{{o, 0, 6, 0, 0}, {0, 0, 0, 0, 0}, {0, 6, 0, 0, O},
{6,0, 0, 0,2}, {6,0,0,-2,0}}}},

{{{1, 0, 0,0,0,1,0,0,0,0,0,0,0,0,0,0,0},
{¢,1,0,0,0,06,1,1,0,0,0,0,0,1, 0,0, 0},
{¢,0,1,0,0,06,0,0,0,0,0,0,0,0,0,0,0},
{¢,0,0,1,1,0,0,0,1,1,0,1,1,0, 0,1, 1},
{¢,0,0,1,1,06,0,0,1,1,0,1,1,0, 0,1, 1},
{1, 0, 0,0, 0,1, 0, 0, 0, 0, 6, 0, 6, 0, 0, 0, O},
{¢,1,0,0,0,0,1,1,0, 0,0, 0,0,1, 0,0, 0},
{¢,1,0,0,0,06,1,1,0, 0,0,0,0,1,0,0,0},
{¢,0,0,1,1,06,0,0,1,1,0,1,1,0, 0,1, 1},
{¢,0,0,1,1,0,0,0,1,1,0,1,1,0, 0,1, 1},
{¢, 0, 0,0, 0, 6,0, 0,0, 0,1, 0, 0,0,1, 0,0},
{¢,0,0,1,1,06,0,0,1,1,0,1,1,0, 0,1, 1},
{¢,0,0,1,1,06,0,0,1,1,0,1,1,0, 0,1, 1},
{¢,1,0,0,0,06,1,1,0,0,0,0,0,1,0,0,0},
{¢, 0, 0,0, 0, 6,0, 0,0, 0,1, 0, 0,0,1, 0,0},
{¢,0,0,1,1,06,0,0,1,1,0,1,1,0, 0,1, 1},
{¢,0,0,1,1,06,0,0,1,1,0,1,1,0,0,1,1}},

{{1, 23, {1, 83}, {2, 4}, {2, 8}, {4, 8}, {4, 16}, {8, 16}, {1, 10}, {2, 12},
{4, 24}, {5, 2}, {9, 2}, {10, 4}, {12, 16}, {18, 4}, {13, 2}, {26, 4}},
{{{o9, 0, 0, 2, 0}, {0, 0,0, 0, 0}, {060,0,0,0,0}, {-2,0,0,0,0}, {O0,0,0,0,0}},
{{e¢, 6,1, 0, 0}, {60,0,0,1,0}, {-1, 0,0, 0,0}, {6b6-1,0,0,0},
{0, 0, 0, 6, 0}}, {{O0, 0, 0, 0,0}, {6,0,0,0,1}, {0,0,0, -1, 0},
{¢,0,1,0,0}, {6, -1, 0, 0, O}}, {{O0, 0,0, 0,1}, {0, 0,0,0,0},
{e¢, 0, 0, 0, 0}, {0, 0, 0,0, 0}, {-1,0,0,0,0}}, {{0,0,0,0,0},

{¢, 0, 0, 0, 0}, {0, 0, 0,0,0}, {0,0,0,0,2}, {0,0,0,-2,0}}}},
{{{1,0,0,0,1,06,0,0,0,0,0,0}, {6b1,0,0,0,1,1,0, 0,1, 0,0},
{¢,0,1,0,0,0,0,0,0, 06,0, 0}, {6,0,0,1,06,0,0,1,1, 0,0, 0},
{1, 0, 0, 0,1, 0, 0, 0, 0, 60, 0, 0}, {60,1,0,0,0,1,1,0, 0,1, 0, 0},
{¢,1,0,0,0,1,1,0,0,1,0,0}, {0,0,0,1,0,0,0,1,1, 0,0, 0},
{¢, 0, 0,1, 0,0,0,1,1,0,0,0}, {6,b1,0,0,0,1,1,0, 0,1, 0, 0},
{¢, 0, 0, 0, 0, 6, 0, 6,0, 6,1, 1}, {6, 0, 0,0,0,0,0,0,0,0,1,1}},
{{1, 2, 43, {1, 2, 8}, {1, 8, 16}, {2, 4, 8}, {2, 4, 16}, {4, 8, 16},

{1, 2, 12}, {2, 4, 24}, {9, 2, 4}, {10, 4, 16}, {17, 2, 4}, {25, 2, 4}},

{{{9, 0, 0, 2, 0}, {0,0, 0,0, 0}, {60,0,0,0,0}, {-2,0,0,0,0}, {0,0,0,0,0}},
{{0, 0,1, 0, 0}, {0, 0,0, 1,0}, {-1,0, 0,0, 0}, {6, -1,0, 0, 0},
{6, 0,0, 0,0}}, {{0,0, 0, 0,0}, {6,0,0,0,1}, {O,0,0, -1, 0},
{¢,0,1,0,0}, {6,b -1, 0,0, 0}}, {{O0, 0,0, 0,1}, {0, 0, 0, 0, O},
{e¢, 0, 0, 60, 0}, {0, 0, 0,0,0}, {-1,0,0,0,0}}, {{0,0,0,0,0},
{0, 0, 0, 0, 0}, {0, 0, 0,0, 0}, {O0,0,0,0,2}, {0,0,0,-2,0}}}},

({1, 13, {1, 133}, {{1, 2, 4, 8}, {2, 4, 8, 16}},

{{{o, 6, 0, 2, 03}, {0, 0, 0, 0, 0}, {60,0, 0, 0,0}, {-2,0,0,0,0}, {0,0,0,0,0}},
{{0, 0,1, 0, 0}, {0, 0,0, 1,0}, {-1,0, 0,0, 0}, {0, -1,0, 0, O},
{6, 0, 0, 0,0}}, {{0,0, 0, 0,0}, {6,0,0,0,1}, {O,0,0, -1, 0},
{¢,0,1,0,0}, {6, -1, 0,0, 0}}, {{0, 0,0,0, 1}, {0, 0,0, 0,0},
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{67 0’ 0’ 0’ 0}7 {O’ 07 0’ O’ 0}’ {_1’ 0’ G’ O’ 0}}’ {{0, 07 0’ O’ 0}’
{6,0,0,0,0}, {06,0,0,0, 0}, {0,0,0,0,2}, {0,0,0,-2,0}}}}}

inf19:= SessionTime[]
Oout[19]=

1190.357148



